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■ This paper is a generalization of [3D]- We develop the de Rham homotopy theory of not necessarily 

nilpotent spaces. We use two algebraic objects: closed dg- categories and equivariant dg-algebras. We 
see these two objects correspond in a certain way (Prop02Sl Thm l3.4.5|) . We prove an equivalence 
between the homotopy category of schematic homotopy types [22] and a homotopy category of closed 



C3 



Abstract 



dg-categories (Thm fLOTTj) . We give a description of homotopy invariants of spaces in terms of minimal 



models (Thm fTT0.2|) . The minimal model in this context behaves much like the Sullivan's minimal model. 
■ We also provide some examples. We prove an equivalence between fiberwise rationalizations [5] and closed 

r-j ! dg-categories with subsidiary data fThm fOIl)) . 
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*f ! 1 Introduction 

OO In [8], Sullivan constructed the correspondence between the rational homotopy types of nilpotent spaces 
and commutative dg-algebras over rationals, which associates polynomial de Rham algebras to spaces. In 
CN particular, he showed that homotopy invariants of nilpotent spaces, such as rational homotopy groups, can 
, be derived from the algebras. This Sullivan's theory is called the de Rham homotopy theory. 

In the non-nilpotent generalization of the rationalization, the fiberwise rationalization was 

proposed by Bousfield and Kan ([5], see also introductions of [T6] [30]). For this notion, A.Gomez-Tato, 
S.Halperin and D.Tanre [16] generalized the Sullivan's result to non-nilpotent spaces. 

Recently, as another non-nilpotent generalization of the rationalization, the schematization [22] was 
' introduced by Toen. While the rationalization is the localization with respect to the rational homology 
groups, the schematization is a candidate for a localization with respect to all cohomology groups with coef- 
ficients in finite rank local systems. In this paper, we generalize the Sullivan's result for the schematization 
over a field of characteristic 0. We use two algebraic objects which are generalizations of commutative 
dg-algebras: closed dg-categories [30] and equivariant commutative dg-algebras. These two algebraic ob- 
jects have different advantages. We establish an equivalence between the homotopy category of schematic 
homotopy types and a homotopy category of closed dg-categories (Thm nTO.ip . We give a description of 
homotopy invariants of not necessarily nilpotent spaces in terms of the minimal models of equivariant dg- 
algebras (ThmfLa2]). 



Let A: be a field of characteristic 0. A closed dg-category is a A;- linear dg-category which is equipped 
with a closed tensor structure consistent with the differential graded structure (see Def l2.1.lT) . A typical 
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example of a closed tensor structure is tensors and internal horns on the category of representations of a 
group. If one views a dg-algebra as a dg-category with only one object, a tensor structure on a dg-category 
is a natural generalization of commutativity of a dg-algebra. We also need to consider internal horns. The 
existence of a model category structure on the category of small closed dg-categories was proved in [30] . 

In [30], a closed dg-category Tp^(K) is defined for a simplicial set (or triangulated space) K. Its objects 
are finite rank fe-linear local systems on K and complexes of morphisms are polynomial de Rham complexes 
with local coefficients. This is an analogue of the dg-category of flat bundles on a manifold, which was 
defined by Simpson [12} section 3]. We consider Tpl(-RT) as a generalization of the polynomial de Rham 
algebra which contains information of finite dimensional representation of the fundamental group. As we 
see in |30j . when the fundamental group of K is a finite group and k = Q, the construction K i-> Tpl(-K^) 
is equivalent to the fiberwise rationalization of K. But in general, it is different as we consider only finite 
rank local systems. 

We introduce a special class of closed dg-categories which we call Tannakian dg-categories (Def l3.1.1j) . 
It is characterized by conditions abstracted from the closed dg-category Tpl(K) of connected K. These 
conditions are stated in terms of Tannakian theory [11] and the completeness of a dg-category |12|. section 
3]. Tannakian theory concerns a duality between affine group schemes and certain closed tensor fc-linear 
categories (see Appendix IA.2[) . The completeness of the dg-category means that information of exact 
sequences in the category of 0-th cocycles determines and is determined by the first cohomology groups of 
morphisms (see subsection 12.2ft . Tannakian dg-categories are exactly those which correspond to schematic 
homotopy types. 

While closed dg-categories have good functorial and homotopical properties, they are not suitable 
for computations. To cover this inconvenience, we use a 7ri-equivariant commutative dg-algebra K TC ^{K) 
defined as follows {tti = iti{K)). Let 7r^ ed be the pro-reductive completion of tt\ over k (see subsection II .ip 
and 0(7rJ ed ) be its coordinate ring. It has two actions of %\: the left and right translations. With the right 
translation, we regard it as a local system on K. 

1. As a complex, A re d(K) is the polynomial de Rham complex with coefficients in the local system 
0(vrf d ). 

2. The multiplication is defined from those of polynomial forms and the coordinate ring. 

3. The action of tt\ is defined from the left translation on (D(Tr\ ed ). 

The importance of this dg-algebra first seemed to be recognized by Deligne and it has been studied by 
Katzarkov, Pantev, Toen |22[ ¥ZQ [25] and Pridham |27[ l28j I29j . We will prove a correspondence be- 
tween Tannakian dg-categories and equivariant dg-algebras, where Tpl(-K") corresponds to A TC ^(K) (see 
Propj3331 Thm l3.4"3j) . The proof is not difficult but this is very useful. For example, we cannot find the 
natural representations of the fundamental group on higher homotopy groups if we see only the dg-algebra, 
but these representations appear as objects of the corresponding dg-category. Results in the following are 
obtained by using this correspondence. 

1.0.1 Main results 

We shall state main results. Let SHT* be the category of pointed schematic homotopy types (Def l5.1.Tj) . 
It is a full subcategory of the category of oo-stacks over k, which is characterized by a certain fc-linearity of 
homotopy sheaves. The schematization (K ® /c) sch of a simplicial set K is a universal schematic homotopy 
type for K. Let Tan* be the category of Tannakian dg-categories with a fiber functor. A fiber functor of a 
Tannakian dg-category C is a dg-functor from C to the category of finite dimensional vector spaces, which 
preserves closed tensor structures (Def l2.1.3|) . Let sSet* denote the category of pointed connected simplicial 
sets. 
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Theorem 1.0.1 (Thm l5"T2.ip . There exists an equivalence of categories Ho(SHT*) — > Ho(Tan*) op such 
that the following diagram is commutative up to natural isomorphisms: 



Ho(SHT,) — ^ Ho(Tan,)°P 

(-®fc) s ' 

Ho(sSetS). 

Here, Ho(— ) denotes the corresponding homotopy category (see subsection \l.l\) . The equivalence is induced 
by a Quillen pair between larger model categories. 

It is known that the schematization comes from A re ^(K). In fact, it is realized as the homotopy quo- 
tient of topological realization of A m ^(K) by 7rJ ed (see \2b\ Cor. 3. 3]). But this construction is not natural 
with respect to maps between simplicial sets as the construction K i— > ttx(K) is not natural with re- 
spect to those which do not preserve semi-simple representations of fundamental groups (see Rem l3.3^2l 
the naturality part of the statement of \25\ Cor. 3. 3] is wrong, the naturality folds only for the subcategory 
whose morphisms are those which preserve semi-simple ones). The theorem says the schematization and 
the construction K h > T-p^K) are naturally equivalent. We prove this using the model structure on the 
category of closed dg-categories and results of [22]. We deduce a similar equivalence in the unpointed case 
from Thminni see Cor JOTl 




A feature of the Sullivan's theory is that the minimal model describes the rational homotopy theory 
of a space in a very transparent way (see P38, Analogy to topology] or [TO], Thm.11.5]). For a simply 
connected space, the indecomposable modules are dual to the rational homotopy groups and the differentials 
correspond to rational k-invariants of the Postnikov tower. 

The correspondence between dg-categories and dg-algebras enables us to translate homotopy invariants 
of a space into invariants of minimal algebras and we obtain an analogous description in the non-nilpotent 
case, as follows. A Te d(K) has a minimal model (in the usual sense) with a semi-simple 7Ti-action. Let A4 
be such a minimal model of A re( ^(K). Let 

V\V 2 ,...,V\..., V i czM i 

be a sequence of semisimple 7ri-modules generating A4 freely as a commutative graded algebra. Of course, 
V % is isomorphic to the i-th indecomposable module. As AA. is minimal, d(V l ) C A4 1 (&kV l ® M{i — l) i+1 , 
where d is the differential of Ai and A4(i — 1) is the dg-subalgebra of Ai generated by ® J - <i _ 1 M- J . So 
there is a unique decomposition 

d\y,=d Ml ^ Vl (Bd M ^ 

consisting of two homomorphisms of n\ -modules d M 1 ® kVl ; V 1 — > M 1 ®^ 1 andd M ^ 1 ^ : V % — > M(i— l) l+1 . 

Theorem 1.0.2 (Lem llOUl Thm l4.Q|) . We use the above notations. Put 7Tj = TTi(K) for i > 1. For 
i > 2, we consider m as a m-module by the canonical action. Let n > 2. Suppose 7Ti is algebraically good 
(Def \4-l^l ) and Hi is of finite rank as an Abelian group for each 2 < i < n. Then, for each 2 < i < n, 

1. the dual (V l ) v is isomorphic to (7Tj 0^ k) ss , the semisimplification of -K\-module Hi ®% k, 

2. the map d Ml ® kV1 encodes the information of a presentation of 7Tj ®% k as successive extensions of 
irreducible components of (7Tj ®% k) ss , and 

3. the map d^^ 1 ^ corresponds to the k-invariant (tensored with k) of the i-th level of the Postnikov 
tower of K. 
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In particular, the two data V 1 and d M ® yi determine the Ti\-module tti <S>z k up to isomorphisms. 



As examples of algebraically good groups, finitely generated free groups, finitely generated Abelian 
groups, fundamental groups of Riemann surfaces are known (see [25, subsection 4.3]). For other examples, 
see \25\ Thm.4.16] and Thm ]4~2?8l We prove Thm J1.0T2l by an argument similar to the proof of Hirsch 
Lemma pH Thm.11.1]. 

We can also recover cohomology groups of any finite rank fe-local coefficients easily from the minimal 
model. For a semisimple local system or equivalently, a semi-simple representation V of 7Tx, it is 
H*((A4 <8> V) ni ), the cohomology group of the complex of invariants of A4 ® V. For a general finite 
dimensional representation V, we need to twist the complex [M. ® I/ 88 ) 71 " 1 by some Maurer-Cartan element 
before we take cohomology (V ss denotes the semi-simplification of V"). 

1.0.2 Examples 

We shall provide a simple example deduced from Thm ll.CL2l 

Example 1.0.3 (Example I4.2.5|) . Suppose k is algebraically closed. Let n > 2 be an integer and M 
be a finite rank abelian group with TL-action. Let K = K(7*,M,n) := K(^L v, K(M,n — 1),1). Here, 
K(M,n — 1) is an Eilenberg Maclane space realized as simplicial abelian group with the induced action of 
Z. Let g € GL(M ®z k) be the action of the generater 1 of Z and g = g s + g n be a Jordan decomposition, 
where g s is semi-simple and g n is nilpotent. Then, 



and d{s) = 0, d(x) = t g n {x) ■ s for x £ V n . Here, (M ®z k) ss is the vector space M ®% k on which 1 6 Z 
acts by the semisimple part g s , and Z acts on V 1 trivially. 

We give an explicit description of the model of components of a free loop space (Prop l4T2.9p under the 
assumption that the component contains loops which represent an element of the center of the fundamental 
group. We also present a model of cell attachment (Example I4.2.6j) . Models of these topological construc- 
tions are not known for the formulation of |16j . By a method similar to the proof of Thm l 1.031 we will 
prove that for a nilpotent simplicial set K of finite type, the minimal model of A rci ^(K) is isomorphic to 



the Sullivan's minimal model with trivial 7Ti-action (Thm ]4~2.3p . We also provide a description of minimal 

model of a classifying space of a group which is an extension of given group by an abelian group (Thm l3~2.8p . 

1.0.3 Equivalence with the fiberwise rationalization 

In general, it is impossible to recover the fundamental group from the closed dg-category. The best thing we 
can obtain is the pro-algebraic completion ( [2] , see also subsection II. ip . So we cannot expect the closed dg- 
category corresponds to the fiberwise rationalization of a space. Instead, we prove an equivalence between 
the fiberwise rationalization and the closed dg-category with subsidiary data. We say a pointed connected 
simplicial set is algebraically good if its fundamental group is algebraically good (see Def 14.1.1]) and each 
higher homotopy groups are finite dimensional Q-vector spaces. Let Rep(r) denotes the category of finite 
dimensional fc-linear representation of a discrete group T. 

Theorem 1.0.4 (Thm l4T3.4p . There exists a category Tar\^ 9d whose objects are triples (T,T,cp) consisting 
of an object T £ Tan*, an algebraically good group T, and an equivalence <f> : Z°T — > Rep(r) of closed 
k-categories with a fiber functor. To a simplicial set K whose fundamental group is algebraically good and 




(i = l) 
(i = n) 
{otherwise) 




4 



whose higher homotopy groups are of finite rank, we can assign an object (Tp^ (K ), 7i"i (K), fix) £ Tan^ 5 . 
This construction induces an equivalence between the homotopy category of algebraically good spaces and the 
homotopy category of (Tan+ 5<i ) op . Under this equivalence (Tp\ J (K),7Ti(K),(f)K) corresponds to the fiberwise 
rationalization of K. 

1.0.4 Relation with other works 

We shall mention the relation with other works: |22[ [25] and [27]. The schematic homotopy types and 
schematization are defined over any field of any characteristic. We use results of [22} [25] in this paper. 
In [27], another kind of algebraic models of spaces is proposed. They are called pro-algebraic homotopy 
types and realized as certain simplicial affine group schemes. Schematic homotopy types and pro-algebraic 
homotopy types are closely related. A pro-algberaic homotopy types are considered as a relative pro- 
unipotent completion of a schematic homotopy type and these two objects are equivalent on those which 
come from spaces (see |27[ Cor.3.57]). Some of the results of this paper were proved earlier by Toen and 
Pridham (see [22[ 125] and [27]). For example, in the notation of Thm jL0r2l it was proved in [27] that (V^) v 
is isomorphic to 7Tj <g> k as vector spaces under a bit stronger assumption, see (27J Thm.1.58, Rem. 4. 43]. 
A feature of our approach is that the closed dg-categories are nearer to the equivariant dg-algebras than 
other models. In fact, the correspondence between dg-categories and dg-algebras is very clear and so we 
can obtain descriptions of the action of fundamental group on homotopy groups and k-invariants as in 
Thm ll.0T2l and prove fundamental theorems 14.2.31 and 14.2.81 These are new results. 

1.0.5 Organization of the paper 

In section [2] we mainly gather definitions and results from other papers. We recall basic properties of the 
completion of dg-categories from |12j . We see that the completion, slightly modified, fits in the context of 
closed dg-categories. 

In section [3] we prepare some technical results to prove results in sections U] and [5j In 13.11 we intro- 
duce the notion of Tannakian dg-cateogries. In 13.31 we compare Tannakian dg-categories and equivariant 
dg-algebras and deduce some lemmas. In the statements and proofs of these lemmas, we use the model 



category structure on the category of closed dg-categories (see Thm J2.l3|) . We also use internal horns. We 

introduce a notion of iterated Hirsch extensions of dg-algebras. In 13. 4[ we define the functor Tpl, which 
we call the generalized de Rham functor, and prove that Tpl(K) comes from A ve ^(K). All arguments in 
this section are elementary except for the languages of model categories. 

In section [4] we recall the notion of algebraically goodness of a discrete group and prove Thm ll.0T2l and 
11.0.41 We also provide some examples. For the proof of Thm fLCr2l we mainly follow the method of [10] 
and justify a technical part by using the model category structure on cubical sets in |20j . see Appendix 
IA.1I In the proofs of some results in this section, we use results of the next section [5j 

In section[5] we prove Thm ll.OTTl In l5.1[ we recall the notions of schematic homotopy types and schema- 
tization from [22] and define a functor from the category of simplicial presheaves to the category of closed 
dg-categories. This is an analogue of the generalized de Rham functor (and denoted by Tpl, too). As for 
logical order, section [5] is previous to section [H 

In Appendix, we show some variants of the polynomial de Rham theorem and summarize the Tannakian 
theory of [TT] . 

1.1 Notations and terminologies 

We fix a field k of characteristic 0. Q denotes the field of rational numbers. All differential graded objects 
are assumed to be defined over k and non-negatively cohomologically graded. We denote by C-°(/c) the 
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category of non-negatively cohomologically graded complexes and chain maps. By dg- algebra, we mean 
commutative dg-algebra (with non-negative cohomological grading). Dg-algebra and dg-category are ab- 
breviated to dga and dgc, respectively. We denote by Vect the category of finite dimensional A;- vector 
spaces and A:-linear maps. More precisely, it denotes a suitably small full subcategory, see the paragraph 
which precedes Def l2,1.3l for definition. We use the notations and terminologies in [30\ 1.1]. In particular, 
for a category (resp. a dg-category) G, Ob(C) denotes the set of objects of G and Homc(co, Ci) denotes 
the set of morphisms (resp. the complex of morphisms) between two objecs Co and c\ G Ob(C). dgCat- 
denotes the category of small non-negatively cohomologically graded dg-categories and dg- functors. For a 
dg-category G, Z°G denotes the category of 0-th cocycles of G. Its objects are the same as objects of G, and 
its morphisms are morphisms of G which are cocycles of degree 0. For two dgc's G and D, C M D denotes 
a dgc whose objects are pairs (c,d) of c G Ob(C) and d G Ob(D), and whose complexes of morphisms are 
tensors of those of G and D (see [30]). If a dga A is free as a graded commutative algebra, i.e., it is the 
tensor of the symmetric algebra generated by even degree generators and the wedge algebra of odd degree 
ones, we sometimes write A = /\(V l ) where V 1 denotes a module of generators of degree i. 

All schemes are assumed to be defined over k. For an affine scheme X, we denote by 0{X) the coordinate 
ring of X. We always identify a finite dimensional k- vector space with an affine additive group scheme in 
the obvious way. 

Let r be a discrete group and G be an affine group scheme. The term, T-module or T-representation 
represents the same thing. We always identify G-modules (or G-representations) with 0(G)-comodules (see 
pTJ P.126]). Rep°°(r) (resp. Rep°°(G)) denotes the category of possibly infinite dimentional T-modules 
(resp. G-modules) over k and Rep(r) (resp. Rep(G)) denotes the full subcategory of Rep°°(r) (resp. 
Rep°°(G)) consisting of finite dimensional objects. For a technical reason, we need to make the categories 
Rep(r) and Rep(G) suitably small. See see the paragraph which precedes Def l2.1.3l for the precise definition. 
0(G) has two natural G-action: the right and left translations. We denote by 0(G) r (resp. 0{G)i) 0{G) 
considered as a G-module by the right (resp. left) translation. We say a representation (of a discrete group 
or a group scheme) is semisimple if it can be decomposed into a direct sum of irreducible representations. We 
say an affine group scheme is pro-reductive (or simply, reductive) if any of its representations is semi-simple. 
Any affine group scheme G has a decomposition: 

G R U (G) x G red , 

where R U (G) is the pro-unipotent radical of G, and G red = G/R U (G) is pro-reductive (see [26] for details). 
Representations of G red are in one to one correspondence with semi-simple representations of G via the 
pullback by the projection G — > G red . 

The pro-algebraic completion ofT (pj), denoted by r alg , is an affine group scheme over k with a group 
homomorphism : T — > r alg (/c), where r alg (£;) denotes the group of valued points of r alg , such that 
finite dimensional A;-linear representations of V are in one to one correspondence with finite dimensional 
representations of r alg via the pullback of action by t/T- We put r red := (r alg ) red an d call it the pro- 
reductive completion ofT. Finite dimensional representation of T red are in one to one correspondence with 
finite dimensional semi-simple /^-representation of V via the pullback by V — £ r alg (A;) — > r red (&;). 

Our notion of model categories is that of [Hj. Ho(M) denotes the homotopy category of a model 
category M. If M' is a full subcategory of M which is stable under weak equivalences, Ho(M') denotes 
the full subcategory of Ho(M) spanned by M'. This is isomorphic to the localization of M' by weak 
equivalences. [— ,— ]m' denotes the set of morphisms of Ho(M'). sSet (resp. sSet* denote the category of 
simplicial sets (resp. pointed simplicial sets). For a group T, BT or K(T, 1) denotes the simplicial nerve of 

r. 
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2 Preliminaries 



2.1 Closed dg-categories 

The following is a rewrite of [30, Def.2.1.1], where we call the same objects closed tensor dg-categories. 
Definition 2.1.1 (closed dg-categories, dgCat cl , Cat cl ). 

(1) Let C be an object o/dgCat-°. A closed tensor structure on C is a 11-tuple 

((-©-), 1, a, r, u, fjom, 4>, (- © -), si, s 2 , 0) 

consisting of 

1. a morphism (-0-) : CMC — > C <E dgCat- , 

2. a distinguished object 1 € C , 



3. natural isomorphisms 



a : ((-®-)®-) (-®(-®-)) 
t : (-©-) (-0-) o T C n 



(CMC)MC CK(CKC) — ► C, 
CKC — > C, 

c — > c 



n : (-01) =>• idc 

satisfying usual coherence conditions on associativity, commutativity and unity, see J21 pp.251], 

4. a morphism from : C op MC — > C G dgCat- , 

5. a natural isomorphism 

<p : Hom c (-®-,-) => Hom c (-,fiom(-,-)) : C op MC op MC — ► C^°(fc), 

6. a morphism (— -) : C x C — >■ C G dgCat- , 

7. fioo natural transformations 

P x =J^ (- © -) ^ P 2 :CxC C, 

where Pi : C x C — > C is the i-th projection, such that the induced morphism sj x : Homc(co © 
ci,c') — > Homc(co, c') x Homc(ci, c') is an isomorphism (i.e., cq © ci is a coproduct), and 

8. a distinguished object £ Ob(C) suc/i f/iai Homc(0, c) = /or any c £ Ob(C). 
PFe caZZ (— ® — ) a tensor functor and fjom a internal horn functor. 

(2) ^4 closed dg-category is an object C of dgCat- equipped with a closed tensor structure. For two 
closed dg-categories C,D, a morphism of closed dg-categories is a morphism F : C — > D of dge's which 
preserves all of the above structures. For example, F(c®<$) = F(c) ® F(d) (not only naturally isomorphic), 
F(Tc,c') = t~fc,Fc' and = 1. We denote by dgCat cl the category of small closed dge's. 

(3) A closed /c-category is a closed dg-category whose complexes of morphisms are concentrated in degree 
and a morphism of closed ^-categories is the same as a morphism of closed dg-categories. We denote by 
Cat cl the category of small closed k-categories. 
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The important part of this definition is the data concerning (— <S> — ) and fjom. We assume the existence 
of coproducts in order to make the initial object of dgCat cl be (equivalent to) the closed fc-categroy of finite 
dimensional £;-vector spaces 

Notation. We set C(c) := Homc(l,c) for a closed dgc C and an object c € Ob(C). 

Example 2.1.2. (1) Let T be a descrete group. The k-linear category Rep(T) of finite dimensional k-linear 
representations has a closed tensor structure. The tensor of two representations is, as usual, the tensor of 
vector spaces with the diagonal action and the internal horn is similar. 

(2) (The dg-category of flat bundles [12]) Let X be a C°° -manifold. A flat bundle (V, D) on X is a pair of 
a C 00 -vector bundle V and a flat connection D : V — > <S> V, where sd^ is the sheaf of C°° one-forms on 
X. The tensor of two flat bundles (V,D), (V',D') is the pair of the tensor of vector bundles V <S> V and 
the flat connection D ® id + id <g> D'. The internal horn is similar. 

The dg-category of flat bundles on X is defined as follows. Lts objects are flat bundles on X and its 
complex of morphisms between (V,D) and (V',D f ) is the twisted de Rham complex of forms with coefficients 
in the internal horn $jom((V,D), (V',D')). It is easy to see the tensor and the internal horn defined above 
are extended to a closed tensor structure on ffdR- See JT^ for details. 

(3) The reader may feel the definition of morphism of closed dgc's is non-natural as it does not require 
natural isomorphisms but equalities. The motivation of this definition is to ensure that dgCat cl is closed 
under limits and colimits. An example of a morphism of dgCat cl is the functor Rep(r') — > Rep(r) induced 
by a group homomorphim T — > V . 

We apply the notions of an equivalence and a quasi-equivalence to morphisms of dgCat cl via the forgetful 
functor dgCat cl — > dgCat- . For example, we say a morphism in dgCat cl is an equivalence if it induces 
an equivalence of underlying categories. Note that an equivalence in dgCat cl does not always have a quasi- 
inverse which is a morphism of dgCat cl . We say two objects of dgCat cl are equivalent if they can be 
connected by a finite chain of equivalences in dgCat cl . 

We denote the initial object of dgCat cl by Vect. Vect is equivalent to the closed ^-category of all finite 
dimensional fc-vector spaces and fc-linear maps. In fact, Vect is identified with the smallest full subcategory 
which includes the distinguished objects 1 and and is closed under ®, fjom, and ©. 

In the rest of the paper, we assume a vector space which underlies a finite dimensional representation 
of a discrete group or an affine group scheme belongs to Vect. 

Definition 2.1.3 (closed dg-categories with a fiber functor, dgCat^ 1 , Cat^ 1 ). 

(1) The category of closed dg-categories with a fiber functor is the over category 

dgCat cl /Vect 

and denoted by dgCat* . An object (C,u)c) °f dgCat^ 1 consists of a closed dg-category C and a morphism 
ujc : C — > Vect € dgCat cl . We call ojq the fiber functor of C . 

(2) A closed /c-category with a fiber functor is a closed dg-category with a fiber functor whose complexes of 
morphisms are concentrated in degree and morphisms of closed /c-categories with a fiber functor are the 
same as morphisms of closed tensor dg-categories with a fiber functor. We denote by Catf the category of 
small closed k-categories with a fiber functor. 

Example 2.1.4. Let T (resp. G) be a discrete group (resp. an affine group scheme). We regard Rep(r) 
(resp. Rep(G)j as an object of Cat!; 1 with the forgetful functor to Vect. 

The following is proved in |30| . 

Theorem 2.1.5 (Thm.2.3.2 of [30]). (1) The category dg*Cat cl has a cofibrantly generated model category 
structure where weak equivalences and fibrations are defined as follows. 
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• A morphism F : C D 6 dgCat is a weak equivalence if and only if it is a quasi- equivalence. 

• A morphism F : C — > D G dgCat cl is a fibration if and only if it satisfies the following two conditions. 

— For c,c' G Ob(C) the morphism ^} C) c') : Homc(c, c') — > Homj)(i ? c, Fd) is a levelwise epimor- 
phism. 

— For any c G Ob(C) and any isomorphism f : Fc — )■ d! 6 Z°(D), there exists an isomorphism 
g:c->c'<E Z°(C) suc/i t/iat = /. 

(2) dgCat^ 1 has a model category structure induced by that o/dgCat cl . 
2.2 Completeness of dg-category 

We shall recall the notion of completeness of a dg-category from [12} section 3]. Let C be a dg-category. 
An extension in C is a pair of morphisms 

a b 

co -> c 2 -> Ci 

with a, 6 G Horn , b o a = and d(a) = 0, d(6) = 0, such that a splitting exists: a splitting is a pair of 
morphisms of degree 

g h 
co c 2 Ci 

such that = id Co , 6/i = i(i Cl and ag + hb = id C2 . We define a morphism 5 £ Hom 1 (ci,co) by (5 = gd(h). 
d(5) = and 5 defines a class [5] £ iT (Hom(ci, co)). It is easy to check that this class is independent of a 
choice of splittings. We call [5] the class of the extension cq — > c<i — > c\ . 

Definition 2.2.1. We say a dg-category C is complete if for each cq, c\ G Ob(C) any class in i? 1 (Hom(ci, co)) 
is a class of some extension. 

Example 2.2.2. Let ^dR be the category of flat bundles defined in Example \2.1.S\ (2). As in ^dR is 
complete. In fact, for a cocycle 5 G Hom^ ((V,D),(V',D')), we define a flat bundle (V",D") by V" = 
V ®V' and D" = (-? ^, ). The sequence (V',D') — > (V",D") — > {V,D) is an extension corresponding to 
6. 

We will construct the completion of a dgc C which has finite coproducts. We define a dgc C as follows. 
The objects of C are pairs (c, rf) with c G Ob(C) and r\ G Hom 1 (c, c) such that 

d(n) + rj 2 = 0. 

( We call an element n satisfying the above equation a Maurer-Cartan (MC) element on c.) We set 

Hom"((c, v ), {c',ri')) := Hom"(c, c') 

and 

%(/) :=dc(/)+r/'o/-(-l) d ^//or ? . 

We identify C with the full sub-dg-category of C consisting of objects of the form (c, 0), c G C and define 
the completion C to be the smallest full sub-dg-category of C including C and closed under extensions 
(and isomorphisms). 

The following is a rewrite of [12, Lemma 3.1, Lemma 3.3]. 
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Lemma 2.2.3 (|12j). (1) Let C be a dgc closed under finite coproducts. C is complete. For two objects 
(co, 770)5 ( c i> Vi) ^C, a MC-element corresponding to a cocycle a £ Z (Homg((ci, 771), (cq, 772))) 7-s </wen &y 

V m J ' 

(2) The functor C — > C , c *— > (c, 0) is initial up to natural isomorphims among dg-functors C —■ D with D 
complete. More precisely, for such functor F : C — > D £/iere exists a functor F : C —> D factorizing F and 
such F is unique up to unique natural isomorphisms. 

(3) Let F : C — >• D be a quasi- equivalence. The induced functor F : C —> D is also a quasi- equivalence. 
2.2.1 Completion and closed dg-categories 

A closed tensor structure on C induces a closed tensor structure on C as follows. 

(ci,r?i) (8) (02,772) = (ci <8>c 2 ,77i (8) id + id <g> 772), 
i0om((ci,77i), (c 2 ,m)) = (^om(ci,c 2 ),^om(id,772) - ft 001(771, id)). 

The other structures such as homomorphisms between complexes of morphisms and natural isomorphisms 
are the same as those of C. If C is a closed dgc, we consider C as a closed dgc with this induced structure. 
Note that this closed dgc does not have a universality like Lem l2.2.l3l in dgCat . We shall modify C. The 
modification makes the tensor and the internal horn "free". For example, we want to avoid two objects 
(co ® ci) ® C2 and Co (8) (ci <S> 02) happen to be equal. 

Let D be a closed dgc. Let W c i(Ob(D)U{l,0}) denote the set of the words generated by Ob(D)U{l, 0} 
with operations ®' ,$yom! and ©' (1 and are formal symbols, see |3CH sub-subsection 2.2.2] for an explicit 
definition). We regard Oh{D) U {1, 0} as a subset of W c i(Ob(D) U {1, 0}). Let 

R : W d (Ob(D) U {1, 0}) — > Oh(D) U {1, 0} 

be the function given by 

1. RX = X for X G Ob(D) U {1, 0}. 

2. R(X & Y) = RX® RY, R(Sjom'(X, Y)) = f)om{RX, RY) and R(X ©' Y) = RX © RY, inductively. 
We define a closed dgc D c "pullback" of D by R : 

Ob(D c ) = W d (Ob(L>) U {1,0}), Rom D c(X,Y) = Rom D (RX, RY). 
Clearly the construction 

dgCat cl 3 D 1 — > D c G dgCat cl 
is functorial and R induces a natural equivalence Rd : D c — > D € dgCat cl . 
Lemma 2.2.4. Let E G dgCat cl . Let C,D G dgCat cl /£\ Suppose D is complete. 

(l)Suppose D is fibrant in dgCat cl /-E\ We regard C c as an object over E whose augmentation ac c '■ C c — > E 

Rc ^ 1 

is the composition C c C >■ E ■ Suppose an augmentation oq c : (C) c — > E G dgCat c such that 

oq c o {Ic) c = ac c (Ic '■ C — > C is the canonical inclusion) is given. Let F : C c — > D G dgCat 01 /^ be 

a morphism. There exists a morphism F : (C) c — > D G dgCat cl /E such that the following diagram is 

commutative. 

{Ic) \, 
C c 
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Let F' : (C) c — > D G dgCat^/E" be another morphism with F = F' o (Ic) c - Then there exists a unique 
natural isomorphism ip : F =>• F' preserving tensors, such that ip\c c and (od)*(<^) are the identities (ar> : 
D — > E is the augmentation of D). 

(2) Assume the inclusion E — > E is an isomorphism (i.e., MC-elements in E are all zeros). The pullback 
by the canonical functor C — >• C gives a bijection: 

lv> ^IdgCat 01 /^ — IV>- D JdgCat cl /.E- 

Here, the augmentation C — > E is given by C —> E = E. 

Proof. (1) We first consider the case of E = *. As in [12], one can choose a functor F\ : C c — > D such 
that F = F\ o (Ic) c and F\ preserves tensors and internal horn's up to natural isomorphisms which are 
compatible with coherency isomorphisms. Since the objects of C c are freely generated by objects of C and 
{0, 1}, one can modify F\ so that it becomes a morphism of dgCat cl . Thus we get F. The latter part is 
similar to [12]. For general E, we first take a morphism F2 : C c — > D G dgCat cl such that F = F2 o (Ic) c - 
By the latter claim in the case of E = *, we have a unique natural isomorphism ip : ar> o F2 => oq c . Let 
x € Ob(C) U {1,0}. As the augmentation au : D — > E € dgCat cl is a fibration, one can lift cp x to an 
isomorphism f x : i^Os) — > G D. Using f x 's, one can modify F2 so that apo F2 = oq c . This modified 

i<2 is the required F. The latter claim follows from the case of E = * 

(2) We may assume C is cofibrant and D is fibrant in dgCat cl /-E- Note that C c and C c are cofibrant. 
Indeed, let Q{C C ) be a cofibrant replacement of C c with a trivial fibration Q(C C ) — >• C c . As the composition 
Q(C C ) — > C c — > C is a trivial fibration, we can take a right inverse C — > Q{C C ). Using this morphism, one 
can see the map Q(C C ) — > C c has a right inverse so C c is cofibrant. For C c , one can find a right inverse of 
a trivial fibration Q(C C ) — > C c using (1). We only have to check the map 

((/ C )T : Hom dgCatCl/£ (a c , J D) — ► Hom dgCatCl/£ (C c , D) 

induces a bijection between the sets of right homotopy classes. The surjectivity follows from (1). Let 
F\,F2 ■ C c — > D G dgCat cl /-E be two morphisms such that -F\|c c and F2\c c are right homotopic. Let PD 
be a path object of D. We may regard C c , C c and PD as objects of dgCat cl /-D D. Then by (1), there 
exists a morphism H : C c — > PD G dgCat cl /i? such that the following diagram commutes. 



C c ^PD 




C c ~ — Sr D x E D 

Fi xF'2 

Thus, F\ and F2 are right homotopic. □ 



3 Tannakian dg-categories and reductive equivariant dg-algebras 

3.1 Tannakian dg-categories 

We shall define Tannakian dg-categories. For the definition of neutral Tannakian categories, see Appendix 

Definition 3.1.1 (Tannakian dgc's, Tan, Tan*). Let C be a closed dg-category. We say C is a Tannakian 
dg-category if the following conditions are satisfied. 
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1. Z°(C) is a neutral Tannakian category with respect to the closed tensor structure induced from that 
of C or equivalently, there exist an affine group scheme G over k and a finite chain of morphisms of 
closed k-categories: 

Z°(C) -> Ci <- G 2 -> • • • <- G n -> Rep(G), 
where all arrows are equivalences of underlying categories. In particular, Z°(C) is an Abelian category. 

2. C is complete (see Def \2.2.1}) . 

3. If — > Co — » ci — > C2 — ^ is a short exact sequence in Z°(C) then Co — > c\ — > C2 is an extension in C 
in the sense explained in the beginning of subsection \2.2\ . 

We denote by Tan the full subcategory o/dgCat cl consisting of Tannakian dg- categories. We denote by Tan* 
the full subcategory o/dgCat* 1 consisting of objects whose underlying closed dgc belongs to Tan. 

The third condition means that extensions in terms of representations and extensions in terms of a 
dgc coincide. Let G be a Tannakian dg-category and G ss denote full sub dg-category of G consisting of 
semisimple objects of Z U C. The third one is equivalent to the one that the morphism C ss —> C induced by 
the natural inclusion is a quasi-equi valence. So Tan and Tan* are stable under weak equivalences of dgCat cl 
and dgCat* 1 , respectively. Note that for a Tannakian dg-category with a fiber functor (C,u)c) € Tan*, the 
functor TPujc ■ Z°C — > Vect is automatically exact and faithful. 

3.2 Equivariant dg-algebras 

Let G be an affine group scheme. We denote by dgAlg(G) the category of G-equivariant dg-algebras. An 
object of dgAlg(G) is a commutative dg-algebra with a 0(G)-comodule structure which is compatible with 
the grading, the differential and the algebra structure. A morphism of dgAlg(G) is a morphism of dga's 
which is compatible with the C(G)-comodule structures. G-equivariant dg-algebra is abbreviated to G-dga. 
We say a G-dga A is connected if H ^ = k. dgAlg(G)o denotes the full subcategory of dgAlg(G) consisting 
of connected objects. 

The following can be proved by an argument similar to the non-equivariant case. 

Proposition 3.2.1. let G be a reductive affine group scheme. The category dgAlg(G) admits a model 
category structure such that 

1. a morphism f : A — > B £ dgAlg(G) is a weak equivalence if and only if it is a quasi-isomorphism 
(of underlying complexes), and 

2. a morphism f : A — > B € dgAlg(G) is a fibration if and only if it is a levelwise epimorphism. 

Definition 3.2.2 (minimal G-dga's). Let G be an affine group scheme. We say a connected G-dga is 
minimal if its underlying dga is minimal in the usual sense (see JB[ \Wp- 1st A be a connected G-dga. A 
minimal model of A is a minimal G-dga A4 such that there exists a weak equivalence A4 — » A of G-dga's. 
For a minimal G-dga A4, the G-module 

[M/{M^ 1 ■ M^ l )] L 

is called the i-th indecomposable module of M. Here, Ai- 1 • A4- 1 is the submodule of M generated by 
{x ■ y\ degx > 1, degy > 1}. 

The following is well-known. 
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Proposition 3.2.3. Let G be a pro-reductive affine group scheme. Then, any connected G-dga has a 
minimal model, such minimal model is unique up to non-unique natural isomorphisms. 

Proof. The proof is similar to the usual trivial group case. See (6J [lOl [8]. □ 
Definition 3.2.4 (reductive dga's, dgAlg^, dgAlg^). 

1. A reductive equivariant dg-algebra in short, a reductive dga is a pair (G, A) of a pro-reductive affine 
group scheme G and a G-dga A. 

2. A morphism of reductive dga's / : (G, A) — > (H, B) is a pair of a morphism of group schemes 
f gT : H —> G and a morphism of H-dga's f : (/ gr )*A — > B. (Note that f gr defines a functor 
(f 9r )* : dgAlg(G) — > dgMg(H) by pulling back the group action.) 

3. A morphism of reductive dga's f : (G, A) — > (H,B) is said to be a quasi-isomorphism if f gT is an 
isomorphism and f : (/ gr )*A — > B is a quasi-isomorphism. 

The category of reductive dga's is denoted by dgAlg red . We say a reductive dga (G,A) is connected if 
B°(A) = k. We denote by dgAlgg ed the full subcategory o/dgAlg red consisting of connected objects and by 
dgAlgo° d the over category dgAlgo ed /(e, k), where e is the trivial group. We always identify the category 
dgAlg(G) with a subcategory of dgAlg rcd in the obvious way. For an object (G, A) £ dgAlgQ Cd ; a minimal 
model of (G, A) is a minimal model of A as a G-dga in the sense of Def \3.2.2^ 

3.3 Comparison 

In this subsection, we show a correspondence between reductive equivariant dga's and Tannakian dgc's. 
The direction from dga to dgc is functorial but the other direction is not so and we only have a function 
A red : Ob(Tan*) Ob(dgAlg^ d ), see RernHXU 

We shall define two functors 

T ss : dgAlg^ ed — > dgCat cl , T : dgAlg r ed — ► Tan. 

Let A = (G, A) E dgAlgQ ed . For a comodule M £ Rep°°(G), we define the module of invariants M G by 

M G := Ker(id M <8> k - p M ■ M — > M 0{G)), 

where k : k — > 0(G) is the unit map and pu ■ M — > M <S> 0(G) is the coaction. We set 

Ob(T ss A) := Ob(Rep(G)), Hom T ss A (y, W) := {fiom(V, W) A) G . 

Here, ^om is the internal horn of Rep(G), and f)om(V,W) ® A is considered as a complex of comodules. 
(Sjom(V, W) <8> A) is defined by taking invariants in the degreewise manner. We define the composition 
and closed tensor structure of T SS (A) using corresponding structures of Rep(G) and the multiplication of 
A. A morphism / : (G,A) -> (H, B) of dgAlg^ gives a functor (f^ r )* : Rep(G) -> Rep(F) and / induces 
a morphism T ss / : T SS A — > T SS B of closed dg-categories. We set 

J A := PM. 

The right hand side is the completion (see subsection 12. 2p . As T(e, k) = T ss (e,k) = Vect, a morphism 
(G, A) — > (e,k) defines morphisms T SS (G, A) — > Vect,T(G, A) —t Vect so we obtain functors between 
augmented categories: 

T ss : dgAlg^ d — > dgCat^ 1 , T : dgAIgg — > Tan,. 
We omitt the proof of the following. See [26, Lem.l.3].the reductivity of G is necessary for (2). 
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Lemma 3.3.1. (1) ForV S Ob(Rep°°(G)) the coaction V — > V ®kO(G) induces an isomorphism of vector 
spaces: V — > (V ® 0(G) r ) G . Similarly, the coaction also induces an isomorphism V — > V ® G 0(G)i. Here, 

V ® G 0{G)i = Ker((id y ® r) o (p v ® id 0(G) ) - id v ® X G : V ® 0(G); V ® 0(G), ® 0(G)), 

where r : 0(G) ® 0(G) — > 0(G) ® 0(G) is i/ie isomorphism given by t{x ® y) = y ® x anc? Ag is i/ie 
coaction of the left translation. (In short, V ® G 0{G)i = {EjUj ® i»; S^g ■ Wj ® = EjUj ® 5 ZjVg € G}) In 
particular, as submodules ofV ® 0(G), (Y ® 0(G) r ) G = V ® G 0(G);. 

(2) If f : A ^ B €z dgAlg(G)o is a quasi-isomorphism, the induced morphism Tf : TA — > TB 6 dgCat cl is 
a quasi- equivalence. 

(3) TA is a Tannakian dgc for any A € dgAlgQ ed . 

Remark 3.3.2. If we define the homotopy category Ho(dgAlgj^ d ) of dgAlgj^ d as the localization o/dgAIgg* 
obtained by inverting quasi-isomorphisms, by Lemma \3. 3.1\ T induces a functor between homotopy cate- 
gories: 

T : Ho(dgAlg- d ) — > Ho(Tan). 

Unlike the finite group case ]30^ . this is not an equivalence simply because morphisms between Tannakian 
dgc's do not always preserve semisimple objects. By the same reason the construction 

Tan 9Tm A rcd T G dgAlg^ d 

is not functorial. If we restrict morphisms of Tan* to those which preserves semi-simple objects, this 
function is extended to a functor which induces an equivalence of homotopy categories, see Prop \3.3J\ and 
Lem \3~3l[ 

Definition 3.3.3 (the reductive dga associated to T; A re dT). 

LetT = (T,ljt) be a Tannakian dg-category with a fiber functor. Let 7Ti(Z°T) denote the affine group scheme 
which represents Aut ^fZ ^) (see Appendix \A.^) . We regard O(7r 1 (Z T) red ) as a 7r 1 (Z°T) red -representation 
by the right translation. We define an augmented 7Ti(Z T) rcd -equivariant dg-algebra A re( j(T) E dgAlgg° d as 
follows. Let 

o(vr 1 (z°rr d ) = (J^ 

A 

be the presentation as the union of finite dimensional TTi(Z°Ty ed -subrepresentations. We regard V\'s as 
objects ofT via the equivalence TPut '■ Z°T — » Rep(7Ti(T) red ) (see Appendix \A.ty) . As a complex, we set 

A red (T) = colim A T(y A ) 

(see the notation under Def \2.1.T\) . The colimit is taken in the category C-°(k) (in this case, this is the 
set-theoretic union). The k-algebra structure on 0(7Ti(Z°T) red ) defines a structure of dga on A re( j(T) ; 
the left translation of 7Ti(Z°T) rcd on 0(7ri(Z°T) red ) defines an action on A rcd (T) and the counit map of 
0(7r 1 (Z°T) red ) and the fiber functor ofT defines an augmentation o/A ret j(T). Note that we do not say the 
construction T 1 — > A rc d(T) is functorial. 

Proposition 3.3.4. (1) For an augmented O-connected reductive dga A, A re( xT(A) is isomorphic to A in 
dgAIgg* 

(2) For a Tannakian dgc (T,ut) with a fiber functor, TA re d(T) is equivalent to T in dgCat* 1 . 

(3) For a Tannakian dgc T € Tan, there exists a connected reductive dga A E dgAlgg cd such that TA is 
equivalent to T as a closed dg-category. 
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By this proposition, the functor T : dgAIgg 6 * — > Tan* and the function A re( j : Ob(Tan*) — > Ob(dgAlgQ Cd ) 
induce a bijection between the isomorphism classes (resp. quasi-isomorphism classes) of dga's and the 
equivalence classes (resp. quasi-equivalence classes) of closed dgc's. 

Proof. (1) This follows from Lem l3.3.Tl fl) and the fact that finite limit and filtered colimit (in the category 
of modules) commutes. 

(2) Let A = A rcd T. We may assume (Z°T) SS = Rep(G) where G = vri(Z°T) red . In the following we 
deal with 0(G) r as if it is an object of Rep(G). As the action of G on 0(G) r is locally finite, this does not 
matter. 

For an object V € Ob(Rep(G)) we have an exact sequence of G-modules: 







V 



pv 



V u ® 0(G) t 



V u ® 0(G) U ® 0(G) T 



where (— ) u denotes the corresponding trivial module and <fi := (idy ® r) o (p v ® i&o(G)) ~ idy ® Ag, see 
Lem l3.3.Tl We have a map between sequences of complexes 



(V ® A) 



G . 



(V u ® 0(G) r (8) A) 

PA 

V U ®A- 



( (V u ® 0(G)* ® C(G) r ® ^) G 



K ® Q(G) U ® A 



v 

Hom T (l, V) Hom T (l, K ® 0(G) r ) Hom T (l, K ® 0(G)« ® 0(G) r ). 

As the both horizontal sequences are levelwise exact and the vertical arrows are isomorphisms by Lem l3.3.Tl 
the dotted arrow uniquely exists. We define a dg-functor F : T ss yl — > T by F(V) = V for V £ Ob(Rep(G)) 
and F(y,W) '■ Hom-rss^V, W) — > Homc(FV, FW) being the composition 

Hom TSSj4 (y, W) = (S)om Rcp(G) {V, W) ® A) G — ► Hom T (l, J5omr(V; W)) ^ Hom T (V, W). 

One can check this is a morphism of dgCat* 1 . By definition of Tannakian dgc's, F is extended to an 
equivalence F : TA C — > T E dgCat* 1 (see Lem l2.2.1[J) . The proof of (3) is similar to that of (2). □ 

The following lemmas are used later 

Lemma 3.3.5. (l)Let G be a reductive affine group scheme. Then, T SS (G, k) c is cofibrant in dgCat* 1 . If f : 
i->Be dgAlg(G) be a cofibration betwwen O-connected G-dga's, then T ss (/) c : T SS (G, A) c -»■ J SS (G,B) C 
is a cofibration in dgCat cl . 

(2) Let (G,A) £ dgAlgg c *. There exists a commutative square 

T ss (G,fc) c ^Vect 



J SS {G,A) C ^T ss (e,y4) 

where e denotes the trivial group, the left vertical morphism is induced by the unit k A and the bottom 
horizontal morphism is induced by the morphism (G, A) — > (e, A) which is the identity on dg-algebras. This 
diagram is a pushout square in dgCat* 1 and a homotopy pushout square. 
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Proof. (1) The proof is similar to that of [30, Thm.3.2.10]. 
(2) We prove the first assertion. Let 

T ss (G,A;) c ^^Vect 



■ 



T ss (G,vl) c ^ *C 

be a commutative square in dgCat cl . For V, W E Ob(T ss (e,^)) we define a morphism of complex 

F [XX) : Hom Tss(e)A) (y, W) — ► Hom c (F, 

as the following composition. 

Hom(V, W) ® fc A = (j3om(V, W) ® O(G) ® A) G 

Hom T ss Ac (y, W 8) O(G)) 4 Hom c (F, VP ® F{0[G))) ^ Hamc(V, W). 

Here, u : 0(G) — > 1 E Vect denotes the counit map. It is easy to check F(y t y^\'s form a morphism 
F : T ss (e,^4) — > C E dgCat^ 1 and this is the unique morphism making appropriate diagram commutative. 
By (1) and [UJ Lem.5.2.6], this is a homotopy pushout square so the former one is. 

□ 

Remark 3.3.6. We can give an explicit cofibrant model for any Tannakian dg-category. In fact, by 
Lem \2.2l\ and Lem YS. S7h\ for a cofibrant connected G-dga A, TA C is cofibrant in dgCat cl (see the proof 



of Lem {M4\ (2)). 



The following gives a description of hom-sets of closed dg-categories in terms of dg-algebras and closed 
fc-categories. This is used to translate a property of schematic homotopy types into a property of equivariant 
dg-algebras, see the proof of Prop fl~2Ul 

Lemma 3.3.7. (1) Let E be a closed dgc and C E dgCat cl /-E be a closed dgc over E. Let A = (G,A) E 
dgAlgQ Cd be an object and T SS A C — > E E dgCat cl be a morphism. We consider T SS ^4 C as an object of 
dgCat cl /£. 

For a morphism a : Z°T ss t4 c — > Z°C E Cat cl We define a dg-algebra C a E dgAlg(G) as follows. We fix 
a presentation of 0{G) r as a union of finite dimensional G -representations: 0{G) r = \J\V\. We set 

C a : = colim A C(a(Vx)), 

see the notation under Def \2.1.T\ The algebra structure is defined from that of 0{G) and the action of G 
is defined from the left translation on 0{G). Then, there exists a bijection: 

tt /-rss/ a\c r^, \ i n\ ol '■ Z^T ss j4 c — > TP C E Cat c ^ /TP E , 

Hom dgCatCl/£ (T-(Ar,C) - | (a,/?) p _ A ^ ^ g dgA|g(G) /^ 

If the augmentation ac ■ C — >■ E E dgCat cl is a fibration, this bijection induces a bijection: 

[T ss A,C] dgCatCl/i; - {(a,P)\a E [Z°T SS A, Z°C] Cat , /z0E , E [A,C a ]' dgMg[G)/E J. 

Here, 

1. [Z°T SS A, Z°C] Cat ci / / z o E := Hom Cat d(Z T ss ^4 c , Z°C)/ ~ ; where ot\ ~ ai if and only if there exists a 
natural isomorphism t : a\ a<i such that t preserves tensors, i.e., t(X ® Y) = t(X) ® t(Y), and 
(ac)*t : ac ° ot\ clq o a 2 : Z°T SS ^4 C — > Z°E is the identity transformation. 
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2. [ACy dgA ig(G)/£: Q := [AG*]d g Ai g (G)/£ a / ~, where fi ~ / 2 i/ and on/?/ if there exists a tensor preserv- 
ing natural automorphism t : a a ower F sitc/i i/iai iafcxG)) /i = /2- 

(2) We use ifte notation of the previous part. Let (G,A),{H,B) G dgAlgj^. Let a : Z°T SS (G,A) C -> 
Z°T(F, B) G Cat^ 1 6e a morphism. Suppose a preserves semi-simple objects so that it induces a morphism 
a* : H — > G. Then, in the case E = Vect, 

[A T(fT, -B)a]dgAlg(G)/Vect a — [«A -B]dgAlg(H)/ifc- 

Here, aA denotes the pullback of A by a* : H —> G. In particular, if H is the one-element group, 

[J(G,A),J(H,B)] dgCat ci = [-4,-B] dgA | g/fc . 

In the case E = * (the terminal object o/dgCat cl j, 

[A, T(H, B) a ]' dgMg{G) [aA, B] AgMg[H) /f ~ / * g (=: [aA, B]' dgMg{H) ). 

Here f * g denotes the morphism A 3 a h-> 5 • a h-> /(# ■ a) £ B and g runs through Cc(k)(o* H(k)), the 
centralizer of the image a*(H(k)) in G{k). 

Proof. (1) The bijection is defined by (F : J SS (A) C G) 1 — ► (Z°F, colim A Here colim A F (1iVa) 

denotes the following composition: ^ = (£>(G) r ® A) G = colim A (V\ <8> A) G = colim Hom T ssA c (l, V\) -4^ 
colim A HoniG(l, a(V\)) = C a . The proof of the former claim is similar to Prop IBTBTl] The latter part follows 
from an explicit description of path objects in dgCat cl /F (see [30l 2.3.2]) and Lem l3.3.5l (1). In fact, right 
homotopies of closed dg-categories of the above forms can be decomposed into natural transformations of 
Z° and right homotopies of dg-algebras. Note that if a\ ~ «2, E ai = E a2 and C ai = C a2 in dgAlg(G)/F ai . 
(2) We shall show morphisms F : (a*)* A — > T{H,B) a G dgAlg(G) are in one-to-one correspondence with 
morphisms / : (a*)* A —>■£?€ dgAlg(iT). For given F, we set / = 0(a*)* o F, where 0(a*) : a(0(G)) -> 
0{H) is the induced //-module morphism and O{o*) if : T(H,B) a — > B is corresponding push-forward. In 
the other direction, for given /, We set F = Jf : A = TA(0(G)) -> JB(a(0(G)) = JB a . The construction 
f 1 — y F 1 — y f is clearly the identity. We shall show F 1— > f 1— > F is the identity. Let a G A and put F(a) = 
J2i Fi(a) bi(a), F(a) G 0(G), &»(a) G 5. Put p A (a) = Ej «j ® z j and A G (F(a)) = £ fe F i)fe (a) 8) m i>k (a), 
where Ag denotes the left translation, aj G A, lj,F^(a), and m-j^a) G 0(G). As F is G-equivariant, 
X^ij Fi(aj)®bi(aj)®lj = ^2i,k Fi,k(a)®bi(a)(g>m i)k (a). The constructed F is uoFi(aj)-bi(aj)®lj, where 
u : 0(G) — >■ k is the counit map, and this is equal to J2i & no F,fc(a) • Oj (a) <8> 771^(0,) = Yli Fj(a) ®&i(a). This 
correspondence clearly preserves right homotopy relation so the former pointed claims follow from Lem l2.2."il 
For the unpointed (F = *) claim, similarly to the above, we have a bijection: [A,T(H, B) a ] dg A\g(G) = 
[aA, F] dg A|g(m. Under Tannakian duality, a (tensor-preserving) natural isomorphism t : a => a corresponds 
an element g of Cc(k)( a * H(k)) and i a (e>(G)) / does f * g under the above bijection. □ 

3.3.1 Iterated Hirsch extensions 

We shall introduce the notion of iterated Hirsch extensions of dg-algebras. The corresponding notion in 
the trivial group case was considered by Sullivan, see [8, P.279-280]. In fact, an iterated Hirsch extension 
is an iteration of Hirsch extensions as we see below, but this notion is useful because its classifying data 
directly correspond to homotopy invariants of a space. Let I > 1. Let G be a reductive afhne group 
scheme and A G dgAlg(G)o be a connected G-equivariant dg-algebra. Let (W, rj) G TA be an object, where 
W G Ob(Rep(G)) and 77 is a MC element on W (see subsection 12. 2p . and a G Z l+1 (JA(W, 77)) be a cocycle 
of degree l + l (see the notation under Def l2.1.ip . We define a G-dga A(^^ a ^ /\(W V , I) G dgAlgo ed as follows 
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1. As an equivariant commutative gaded algebra, 

A /\( WV > = A ®k /\(W V , I), 

where /\(W V ,1) is the free commutative graded algebra generated by the dual space W w with degree 
Z and regarded as an G-equivariant algebra with the action induced by that on W. 

2. The differential d is determined by its restrictions to A and W v . cI\a is equal to the differential of A. 
d\wv is given by 

a : W v — ► A l+1 A 1 ® k W y . 

Explicitly, if we express a and r] as 

77 = ^ /j (8 Oj /» G #om(W, W), a, G i 1 , a = V] «j <g> 6j «j G W, 6, G J 4 /+1 , 
* 3 

we set [a ® (— t r])](u) = ■ • &j, — a « ® ( n /«))• Maurer-Cartan condition on 77 and the 
condition d v a = ensures d 2 = 0. 

We always identify A with a subalgebra of A <S>( Qjr) ) /\(W V , Z) by a i->- a (g) 1. 

Definition 3.3.8. W^e use iZie above notations. Let f : A B be a morphism of G-dga's. We say f 
is an iterated Hirsch extension of A if there exist data (W, rj) G Ob(TA), a G Z i+1 (T^4(VF, 77)), and an 
isomorphism <p : B — ^ A ®( aT j\ A(^ V > swc/i Z/ia/j i/ie following triangle is commutative. 




where i is the natural inclusion. We say a pair 

{(W,77), [a]} 

0/ an object (W, rj) G Ob(TA) and a cZass [a] G H i+1 (Tj4(W, 77)) is the classifying data of / (or B) if the 
above commutative triangle exists for (W, 77), a, and for some isomorphism (p. Classifying data is well- 
defined up to isomorphisms by Lem \3. 3.1% below. If 77 can be chosen as 0, we say f is a Hirsch extension of 
A. 

An iterated Hirsch extension extension A — > -4®( a>r? ) /\(W V , I) is decomposable into a sequence of Hirsch 
extensions. Precisely, there exists a finite sequence of G-dga's 

A = A -> Ai -> > A rn = A ® {atV) /\(W V , I) 

such that Ai is a Hirsch extension of for 1 < i < m. This is because the MC element 77 can be replaced 
with a MC-element of the upper triangular form with zero diagonal, up to isomorphism (see Lem l2.23|) . 
In particular, if A is minimal, A <8>( ai7) ) /\(W V , Z) is also minimal. 
The following is a variant of [8], Thm.2.1] or [TDl Lem.9.3]. 
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Lemma 3.3.9. Let G be a reductive affine group scheme. 

(1) Let A be a connected G-dga. Let A ®r aiTli \ /\(W^,l), i = 0, 1 be two iterated Hirsch extensions of A. 
There exists an isomorphism ofG-dga's ip : A®^ aom ^ /\(Wq ,1) = A®/^^ /\(W^ , I) fixing A if and only if 
there exists an isomorphism <fi : (Wx,r]x) = (Wo,r]o) E Z°TA such that [(f) o a\] = [ato] € H' +1 (Tj4(Wo, %))• 

(2) Let M be a minimal G-dga generated by elements of degree < I. If the l-th indecomposable module V 
of Ad is finite dimensional, A4 is an iterated Hirsch extension of the dg-subalgebra A4(l — 1) generated by 
elements of degree < I — 1. Let {(W, i]), [a]} be its classifying data. We identify V with a submodule of A4 l . 
As KA is minimal, its differential d\y , restricted to V , has a unique decomposition d\v = d M<yl ~ 1 ^ (&d M ® v 
consisting of maps 

d M(l-l) .y ^ M{ i_ d M^V .y^ M l y e R ep °°( G ). 



Then, 

1. the dual V y is isomorphic to W , 

2. d Ml ® v corresponds to the MC element rj, and 
3. 

Proof. See Thm.2.1]. 
3.4 de Rham functor 

In this subsection, we define a Quillen adjoint pair 



□ 



d v ^ corresponds to a cocycle a which gives the class [a]. 



T PL : sSet ~ — ^ (dgCat cl )°P : (-) 

and prove that Tp-^lK) is a Tannakian dg-category if K is connected. 

We first recall the notion of standard simplicial commutative dga V(*, *) over k from [6j Section 1]. 
Let p > and V(p, *) be the commutative graded algebra over k generated by indeterminates to,... ,t p of 
degree and dto , . . . , dt p of degree 1 with relations 

to + • • • + tp = 1, dt + • • • + dt p = 0. 

We regard V(p, *) as a dga with the differential given by d{ti) := dti. We can define simplicial operators 

di:V(p,*)-^V(p-l,*), s f :V(p,*)->-V(p + l,*), 0<i<p 

(see [6]) and we also regard V(*, *) as a simplicial commutative dga. 
The following definition is adopted in |16j 

Definition 3.4.1 ([E]). Let Vect lso be the subcategory q/Vect consisting of all objects and isomorphisms. 
Let K be a simplicial set. 

1. A local system Jgf on K is a functor (AK) op -> Vect lso . 

2. A morphism of local systems jSf — > Jzf' is a natural transformation Io££ I ojf' : (AK) op — > Vect, 
where I : Vect lso —> Vect is the natural inclusion functor. 
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We define the tensor Jzf <g> Jzf', the internal horn object f)om(.if , Jzf' ) and the coproduct ££ © j£f' 0/ two 
local systems «Sf, J§?' &y using i/iose 0/ Vect. For example, (Jz? © jSf' )(<r) = © 5£'{a). We denote 

by Loc(iT) i/te closed k-category of local systems on K . If K is pointed, Loc(-KT) is regarded as a closed 
k-category with a fiber functor. The fiber functor Loc(K) — > Vect is given by the evaluation at the base 
point. 

It is well-known that for a pointed connected simplicial set K, there exists an equivalence of closed k- 
categories Loc(i^) —> Kep(-Ki(K)) which is functorial in K. In the following, we sometimes identify fc-local 
systems with representations of the fundamental group, fixing such an equivalence. 

Definition 3.4.2. Let K be a simplicial set and Jzf be a local system on K. The de Rham complex of 
Jzf- valued polynomial forms Cp^K,^) G C-°(R) is defined as follows. For each q > 0, the degree q part 
is given by 

C q PL (K,£') = lim AKaP V(*,q)® k &. 

Here V(*,g) is regarded as a functor from AK op to the category of k -vector spaces by composed with the 
functor AK op — > A op , the limit is taken in the category of possibly infinite dimensional k-vector spaces. 
For q < -1, we set C PL {K,£>) = 0. The differential d : C PL {K,£>) -> C q P ^{K,^) is defined from that of 
V (*,<?). 

We shall define the generalized de Rham functor 

Tpl : sSet — ► (dgCat cl ) op . 

This is a natural generalization of the de Rham functor of [6;, Definition 2.1]. For K G sSet we define a closed 
dgc Tpl(K) as follows. An object is a local system on K and Hom TpL (^)(^f, ££' ) = Qp\ l {K,^)0X0,{££ ,£"))■ 
The composition is defined from that of Vect and the multiplication of V(*, *), i.e., 

(77 ■ b) o (oj ■ a) := (77 ■ oj) ■ (b o a) 

for u,r] G V(*,*), a G fjom(Jz? , and b G f)om(Jz?' , «£?"). The additional structures ©, fjom and 
ffi are defined similarly. (We agree that) Tpl(0) is a terminal object of dgCat cl . For each morphism 
/ : K — > L G sSet we associate a morphism of closed dgc's /* : Tpl(L) — > Tpl(K) by 

(A(L) op 4 Vect iso ) 1— > (A(K) op ^ A(L) op 4 Vect iso ). 

Thus we have defined a functor Tpl : sSet — > (dgCat cl ) op . 

Let C G dgCat cl . We define a functor (-) : (dgCat cl ) op -s> sSet by 

(C) n = Hom dgCatCl (C,T PL (A")) 

with obvious simplicial operators. Clearly (— ) is a right adjoint of Tpl- 
We define an adjoint pair between pointed categories: 

T PL : sSet* (dgCaO op : (-). 

For K G sSet*, we define Tpl(K) G dgCat^ 1 by the following pullback square: 

T PL (K) *T PL (K U ) 

T PL (pt) 

Vect ^T PL (*), 

where K u is the unpointed simplicial set underlying K. For (C,u>c) G dgCat^ 1 , we set (C,uc) ■= (C) whose 
base point is given by * = (Vect) (C). 
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Lemma 3.4.3 (|30j). The above two adjoint pairs (Tpl, (— )) : sSet — > dgCat c and (Tpl, (— )) : sSet* — > 
dgCat* 1 are Quillen pairs. 

Definition 3.4.4 (A rcd (K)). Let K be a pointed connected simplicial set. We set A ve ^(K) := A rec j(TpL(i^)) G 
dgAlg cd . We always identify the affine group scheme of A Ted (K) with iri(K) red (see Appendix \A . 2\) , When 
we want to clarify the field of definition, we write A rc d(i^, k). 

We shall show the closed dg-category Tpl (if) of a connected simplicial set K is a Tannakian dg-category. 
Recall that there is a natural equivalence TA C — > TA of closed dg-categories for each equivariant dga A 
(see sub-subsection \2.2 . 1 j) . 

Theorem 3.4.5. (1) Let K G sSet (resp. sSet*J. 

1. Tpl-KT is complete. 

2. — > J2?o - > -^2 —> —> is a short exact sequence in Loc(K) = Z°Tpi J (K) if and only if Jz?o — > 
££2 is an extension in Tp^K in the sense of subsection \2.2\ 

In particular, if K is connected, T-p-^K G Tan (resp. Tan*,). 

(2) Let K be a pointed connected simplicial set. There exists a morphism 0/dgCat* 1 which is an equivalence 
between underlying categories: 

JA rcd (K) c ^T PL K. 

In particular, if f : A — > A ied (K) G dgAlg(7r^ cd ) is a quasi-isomorphism (tt\ = tt\{K)), finite dimensional 
representations V o/tti determine and are determined by objects (W, rj) G Ob(TA) up to isomorphisms via 
the following equivalences: 

Rep(vri) ~ Loc(K) ~ Z°T PL (iO ~ Z°TA rcd (^) c ~ Z°TA rcd (K) ~ Z°TA 
In this correspondence, W is isomorphic to the semi- simplification ofV. 
Proof. First note that the following facts. 

1. The completeness is stable under homotopy pullbacks and homotopy limits of towers. 

2. For a dgc C, a sequence of chain morphisms cq A C2 A c\ in C is an extension if and only if for any 
object c G Ob(C) the two sequences of complexes 

— > Homc(c, Co) A Homc(c, C2) Homc(c, c\) — > 0, 
— > Homc(ci,c) -A Homc(c2,c) A Homc(co,c) — > 
are both levelwise exact. 

By these facts and small object argument, all we have to do is to prove the propositon for X = A n , dA n for 
n > 1. We only show the case of T PL (<9A 2 ) and the others are clear. We may replace dA 2 by S 1 = A 1 /0~1 
and we identify local systems on S 1 with representation of the free group Z. Let (V,g), {V ,g') G Rep(Z). 
Let T>iPi(t)dt- fi G Hom^ pLS i ((V, g), (V',g')) where t = to, Pi{t) is a polynomial of t, and fi G Hom(V,V'). 
Put 

5o= (sf Vif£Pi(t)dt-fig \ _ 

Then the obvious sequence (V',g') — > (V'(BV,go) — > (V,g) is an extension whose class is equal to [EiPi(t)dt- 
fi]. 

So Tpl(S' 1 ) is complete and the third condition of Def J3.!.ll is proved by a similar argument. 

(2) follows from (1) and PropELl □ 
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The following lemma is used in the proof of Thm EOTH 



Lemma 3.4.6 (cf. Rem. 4. 43 of [27]). Let G be a reductive affine group scheme and A4 be a minimal 
G-dga. Let V' 1 denote the i-th indecomposable module of M. For i > 2, there exists an isomorphism of 
groups iTi(R(TA4)) = {V l ) y . This isomorphism is functorial about morphisms between minimal equivariant 
dga. 

Proof. By LemEXl and ni{R{JM}) [TM, T PL ^] dgCat c. [M, A PL S i ] 6sMs/k {V l Y . □ 

4 The de Rham homotopy theory for general spaces 

In this section, we see how the minimal models describe algebraic topological invariants of spaces and 
provide some examples of minimal models. We also prove an equivalence between Tannakian dg-categories 
with subsidiary data and fiberwise rationalizations. In the proofs of results of this section, we use the 
correspondence between Tannakian dg-categories and schematic homotopy types (Thm 1572. H and Cor ]5.2.7|) , 
As for logical order, section [5j is previous to this section. 

4.1 Homotopy invariants 

We shall recall the notion of algebraically goodness introduced by Toen \22\ . 

Let r be a discrete group. Let B?(T, — ) be the i-th. derived functor of invariants 

Rep£°(r) — > k - Mod, V i— > V r , 
and H' (r alg , — ) be the i-th. derived functor of the functor 

Rep£°(r al!5 ) ^A;-Mod, V i— > . 

Any r alg -module can be regarded as a T- module by pulling back by the canonical map T — > T alg (A;) so there 
exists a canonical natural transformation 

ff(r alg , -) => ff(r, -) : Rep^°(r alg ) — > k - Mod. 

Definition 4.1.1 (algebraically good, [22], [251 EZ])- Under above notations, we say T is algebraically good 
over k if for each i > and each finite dimensional representation V € Rep fc (T alg ), the canonical map 

ff(r alg ,v) — > ir(r, v) 

is an isomorphism. 

The following was proved by Pridham [27j . 

Theorem 4.1.2 ([27]). Let V be a discrete group. T is algebraically good over k if and only if the minimal 
model of A Te d(K(T,l),k) is generated by elements of degree 1. 

Proof. Clearly, V is algebraically good if and only if the canonical map A re d(i^(r alg , 1)) — > A ve d(K(T, 1)) 
is a quasi-isomorphism (see subsection 15. 2D . But by J25J Prop. 4. 12], for any discrete group T the map 
H'(A ro< j(i ; i'(r alg , 1)) — > B?(A re( }(-ftT(r, 1))) is an isomorphism for i = 0,1 and a monomorphism for i = 2 
and by Cor J5.2.6| the minimal model of A re d(-ft7(r alg , 1)) is generated by degree one elements so the claim 
follows. □ 

We shall show how the minimal model describes homotopy theory of a space. 
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Theorem 4.1.3. Let K be a pointed connected simplicial set. Put tt{ := tt^K). For i > 2, we regard tti as 
a iri-module by the canonical action. Let 

1. K — Y ■ ■ ■ ^ P ~^ 1 ' ' ' ^ Km be the Postnikov tower of K , 

2. Ai be the minimal model of A TC d(K), 

3. Ai(i) be the dg-subalgebra of M. generated by ®j<iM 3 , and 
4- n > 2 be an integer. 

Suppose 7i"i is algebraically good over k and 7Tj is of finite rank as an Abelian group for each 2 < i < n. 
(1) There exists a commutative diagram in Tan* 

JM(1) C JM(2) C ^'TM(n) c 
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<12 



Tpl-^(i) Pl > Tp L /sT(2) — — 3 HlWT PL K^ 

such that li : Ai(i) — > A4(i + 1) is the inclusion and all the vertical arrows are quasi- equivalences. 

(2) For each 2 < i < n, the inclusion l{-\ : M(i—1) — > is an iterated Hirsch extension (see Def \3.3.]fy . 

Let {(Wj, rji), [oti]} be its classifying data. Then, 

1. The object {Wi,r)i) € Ob(T.A4(i — 1)) = Ob(TA4) is isomorphic to the ir\-representation TTi®%k under 
the correspondence of Thm \3.4^5[ (2). 

2. The class \otj\ 6 W +1 (TAi(i — l)(Wi,r/j)) corresponds to the k-invariant tensored with k via the 
isomorphism: 

R i+1 [J M(i - l)(Wi,TH)] = H i+1 [T PL (K (l _ 1) )(7r i ® z k)) R i+1 (K {i _ iy , it, ® z k). 
induced by qi-% in the above diagram. Here, tt, ®z k is considered as a local system on Ku_xy 
See Leml3X9l(2). See also [271 Thm.1.58, Rem.4.43]. 

Before we begin the proof, we state a corollary which may be useful for computations. 

Corollary 4.1.4. Under the assumption of Thm \4-1~3} suppose the action of tt\ on ir n ®% k is semisimple. 
Then, Ai(n) is a Hirsch extension of M.(n — 1). (Note that we do not assume M 1 = 0.) 

To prove the theorem, we need to show a variant of the Hirsch Lemma |1CH Thm.11.1] formulated in 
the following. 

Let m > 2. We shall consider a fibration 

p : E — > B 

between pointed connected simplicial sets whose fiber F satisfies ttq(F) = *, iti(F) = for i < m — 1, and 
7T m (F) is an Abelian group of finite rank. Put tt\ := 7Ti(B) — tt\{E). Let it denote the local system of the 
n-th fc-tensored homotopy groups of fibers of p or the corresponding representation of tt\{B). Then 

H m+1 (£,£;vr) = Hom Rep(7ri(i j )) (7r m+ i( J B, J E),7r) = Hom Rep(7ri ( B ))(7r,7r). 

See [El P.344] or [9j P.289]. Take the element k of B. m+1 (B, E; tt) corresponding to the identity on 7r via 
this isomorphism. By definition, the image of k in H m+1 (i?; it) is the k-invariant of p tensored with k. Let 



23 



Mb be a minimal model of A re d(F). We may replace Tpl(-B) by TMb and we have H m+1 (F, F; n) = 
H m+1 (Cone(p* : C PL (F;7r) -> C P l(F;e)) = H m+1 (Cone(p* : TA^ SS , 77) Cp L (F;7r))). Here, (7r ss ,r/) 
is a pair of the semisimplification of tt and a MC-element n, see Thm l3.431 We take a cocycle (a, /3) € 
Cone m+1 (p* : JM B (vr ss , rj) -> C PL (F;7r)), where a G TM b {k ss , r/) m+1 and /? G Cp\(£;vr) which represents 

Take the iterated Hirsch extension Mb ®(a,ri) A(( 7I " SS ) V ) m )- P and & define a morphism of 7rp d -dga's: 

Q ■ Mb ® (0hv) f\((7T ss )\m) — > A rcd (F) 
by ^|x s = P* an d /ob^sew = ft (see Def l3.3.8j) . Here /3 is considered as a 7r?[ ed -module homomorphism 

(tt ss ) v — > A red F. 

The essence of the proof of the following is the same as that of |10t Thm.11.1]. 
Lemma 4.1.5. We use the above notations. 

(1) q induces an isomorphism between i-th cohomology groups for each i < m and a monomorphism between 
m + 1-th cohomology groups. 

(2) If a fiber F of p satisfy 7Tj(F) = for i > m + 1, the map g is a quasi-isomorphism. 

Proof. We prove (2). The proof of (1) is similar and easier. In the following, we use cubical sets instead 
of simplicial sets. For details about cubical de Rham theory, see Appendix lA.il We use the same notation 
as the case of simplicial sets for the corresponding notion in the cubical case. Put Ab := Mb ®(a,ri) 
/\((tt ss ) v , m) . We define a descending filtration 

Ab = F B D F B D • • • D Fg D • • • 

by F V B = ®i> p M p B ®k f\((^ BB ) V , n) i.e., F^ is the ideal of A B generated by ®i> p M p B . This filtration induces 
a filtration of closed dg-category consisting of ideals closed under tensor and internal horn: TAb = TFg D 
JF B d • • • D TFg d • • • Note that TFgoTF|, TFg ®TF|, fjomfTFg, TF%) C TF p+(? . On the other hand, 
we define a filtration {F p (TplF)} p > of Tpl(F) by F p (Tpl,F) being the (<g>,.f)om)-closed ideal generated 
by images of homogeneous morphism in TMb of degree > p, by p* : Tpl-B — > TplF. We may describe 
F p (TplF) as follows. Let a G F be a non-degenerate Z-cube. We identify a cube with the sub-cubical 
set generated by it. For notational simplicity, we assume p\ a : a — > p(cr) is the projection to the first k 
components : — > D k . Indeed, after change of coordinate, p\ a is isomorphic to q^ for some k. Then 

uj G Homp P ( TpL £)(J*f , Jz?') Vct G □(*:,> p) ® fc □(/ - k,*) ® k Siom(S?,S?)(o). 

Here, we identify □ (/,*) with D(k, *) <g> fe □(/ - fc, *). Note that F P (T PL F) o F P '(T PL F), F P (T PL F) <g> 
FP'(T PL F), ^om(FP(T PL F),FP'(T PL F)) C FP+p'(T pl F). Let T n (F) G dgCat- be a dgc defined as 
follows. 

1. Ob(T n (F)) = Loc(F). 

2. Hom Tn ^(^f,^") = Cn(F;fjom(Jzf,.i?' )) (see Appendix IA. 1|) and the composition is given by the 
cup-product. 

We define a filtration {F p (Tn(F))} on Tn(F) as usual, by 

Hom FP(Tn{E)) (if,^") = Ker(i* : Hom TnB (if , if') -»• Rom^^-v 

where F^ -1 ) = p~ 1 (B p ~ 1 ) and i : F^ -1 ) — > E is the inclusion (F p_1 is the p — 1-th skeleton of B). q 
induces filtration-preserving morphism 

Tg : TA B — >■ T A red F ~ T PL F. 
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Stokes map 



p : T PL E -> T n E 



(this is a morphism of dg-graphs) also preserves filtration. 

In the following, for a (closed) dgc C with a filtration {F P (C)}, E r (C) denotes a (closed) dgc defined 

by 

1. OhE r {C) = ObC. 

2. Hom Er ( C )(-, — ) = E r (Homc(-, -);Hom p .( C )(-, — )), the £V-term of the spectral sequence, with the 
differential d r . 

To prove the lemma, it is enough to prove Ei(p ° Tg) induces isomorphisms between each hom-complexes. 
Note that there is a diagram 

E 1 T PL {E) -^T PL {B;H F ) 

p' 



Eip 



E 



E 



Here, 

1. Tpl(-B; %f) is a closed dgc defined by 

(a) ObT PL (B;WF) = Ob(Loc(B)), 

(b) Hom TpL(B;Mf) (-,-) = @ p+q=n C p Fh (B-n q F ® Sjom(-,-)), where U% is a local system on B 
given by r ^ H«(p- 1 (r(0, . . . , 0),Q), 

2. p' is the Stokes map with % q F ® S)oxa{— , — )-coefficients ( Here, we used the well-known identification 
Hom^ TnB (-,-)^C&(B;W« ®«om(- -)), and 

3. 99 is a morphism of closed dgc's defined as follows. An element x € Hom^ TpL£ j(- , — ) defines a 
form uj on E such that oj|<j £ D(/c,p) <X>fc D(n — /c,g) (with the above notations). Let r € B be a 
non-degenerate fc-cube. We take a lift f of the following diagram 

F T ^E 



B 



Here F T = p _1 (r(0, . . . ,0)). Fixing basis of □(&, p), an, . . . ,o>n, we can write t*(uj) = ot\® f3\ + ■ ■ ■ + 
ocn <S> Pn, Pi £ C PL (F T ; j^om(— , — )| T ). So if x is a cocycle, it gives an element <p(x) £ Cp L (B;H q F <S> 
fiom(—, — )) defined as ai\ <g> [Pi] + • • • + <g> [Pn] on r. 

The Fubini's theorem ensures the diagram is commutative. It is easy to see Wp' : H*Tpl(-B; %f) — > E2TC1E 
induces bijections of hom-sets, so all we have to do is to prove H* (tp o E\J g) = H* (ip) o E2 (Tg) : Ei(TAb) — > 
H*Tpl(5; %f) is an equivalence. We prove this by using the fact that the map H*((p)oE2(Tg) is a morphism 
of closed dgc's. (This is analogous to the fact that in simply connected case, the corresponding claim was 
proved by using the fact that the corresponding map is a morphism of algebras.) 

We need the following sub-lemma. We use the notation that E P,q (C)(X) := Hom^, q , c Jl,X). 

Sub-lemma 4.1.6. Let U q G OhJ Ab be H q F regarded as an object oJTAb- 
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1. There exists a bijection E p ' q (JA B )(V) ^ W[TM B ((f\i^) q ® V)] for each V G Ob(TA s ). 

2. H*((/?) o _E 2 (Tg) induces isomorphisms on (p, 0)-terms of each horn-complex for p > 0. 

3. e £ E2(TA B ) 0,m ((U m ) v ) = Homp^ ep ( 7ri )(L rm , 7r v ) be an element corresponding to an isomorophism, 
and evjji G Hom^, Tj4 x (Z7 ?v (g) J7 ? , 1) be the evaluation. Then the maps 

EfjA B {U km ®V)^ E p 2 ' km JA B {V) x ^ev ukm o ( e fc ® x) 

W[T Pt (B;H° F )(m km ) ® ^)] — »• H?»[Tp L (S;^)(jSf)] y ^e^ (t/fcm) o (</>(e fe ) ® y) 

are bijections, where k > 1, e k £ E2(TA B ) 0,km ((U k m) w ) is the k-times e, and ip = H*(ip) o ^(Tg). 

Proof of Sub-lemma. E^' q (TA B )(V) and Ef 9 (T J 4 B )(V r ) are naturally isomorphic to [((AlE V ) 9 ® ^) ss ® 
.M^] 7 ^ and di is equal to + f](/\ n v )i(^v (V(AirV)<i®v is the MC-element of (f\2L v ) q ® V") so the first 
part follows. The second part is clear. For the third part, the first map is identified with the pushforward e k : 
W[TM B ((/\iiy) km ®V)} -> rF[TjW B ([/ i:m ®F)] via the bijection of part 1, so this is a bijection. To see the 
second map, note that Tg(e) = t eof3 G Cp\(E; (%™) v ). The restriction of this element to a fiber is a cocycle 
in q? L (F;(%™| F ) v ) and it represents an isomorphism in Hom Rep(wi) ("H™| F , H m (F)) C H m (F; (%™| F ) V ). 
Thus -0(e) corresponds to an isomorphism via the identification H°[Tpl(.B; v )] = H°(.B;%^ (g) 
(H™) y ) — Hom Loc ( B ) (H™, Hp) so we can see the second map is a bijection similarly to the first one. □ 

As H*(ip) o E2(Tg) is a morphism of closed dgc's, the following diagram is commutative. 

EfTA B (U km <g> V) E p ' km JA B (V) 



RP[T PL (B;H F )(iP(U mh )®ipV)] rP[T PL (£; Hf k )(tpV)}, 

where the horizontal maps are the ones in the sub-lemma. This implies that tp is an equivalence of 
categories. □ 

Proof of Thm \4-1^3 . The proof is successive applications of Thm l4.L2l and Lem ]4.1."5l Lem l4.1."5l (l) is 
necessary to prove M.(n) is isomorphic to the minimal model of A Ie d(Kr n \), see [61 Prop. 7. 10]. □ 

For the first infinite higher homotopy group, we have the following. 

Theorem 4.1.7. Let K be a pointed connected simplicial set with ni(K) algebraically good. We use the 
notation of Thm \J^.L3\ Let n > 2 and suppose iTi(K) is of finite rank as an abelian group for 2 < i < n — 1. 
As the action of 7Ti(Ky ed on V n is locally finite and as M. is minimal, there exist finite dimensional 
m(K) ied -submodules {V x n } x ofV n such that (j x V\ = V n , d Ml ® yn (V{ 1 ) C M l ®V{\ and ({V"} x , C) forms 
a filtered system. The restriction of d M ® v ™ to V7 1 defines a MC-element rj\ on (V x ) v in T SS M. (see 
Lem YS. S.lfy . Thus we obtain an inverse system of finite dimensional n%(K) -representations corresponding 

to {((v^r,^)}. 

Then, the limit of the inverse system is isomorphic to the pro-finite dimensional completion ofn n (K)®z 
k. Here, the pro-finite dimensional completion of (possibly infinite dimensional) tt\(K) -representation X is 
the limit of the inverse system {W^ G Rep(7ri(iC))| / u : X — > G Rep°°(Tri(K))} taken in Rep°° (iri(K)) . 

Proof. The proof is similar to that of Thm l4,Ql so we omit. □ 
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4.2 Examples 

Definition 4.2.1. We denote by A4 TcA (K) (resp. Mpl(K) ) the minimal model of A re d(K) (resp. Api(K)). 
Here Api(K) is the usual polynomial de Rham algebra over k. When we want to clarify the field of 
definition, we write A re d(K, k), M Te ^(K, k) and M.pl(K , k) . 

Example 4.2.2. Let X be a pointed connected simplicial set with tti(X) finite. Then A4 re d(X) = Mpl(X), 
where X denotes the universal covering of X and the action of Tt\ on Mpi,(X) is induced from the one on 
X (see JMi)- 

The method of proof of Lem ]4.1."5l provide some examples. 

Theorem 4.2.3. Let K £ sSet* be a nilpotent simplicial set of finite type. Then A4 ie d(K) = Mpi,(K). 
Here Aip^K) is considered as iri(Ky cd -dga with the trivial action. 

Proof. It is enough to show M re d(K(N, 1)) = M.pl(K(N, 1)) for a nilpotent group N. The proof is similar 
to that of Lem l4.1."5l and we use the tower of fibrations associated to nilpotent extensions instead of the 
Postnikov tower. A slight difference is that tt\{B) ^ n\(E) in this case. But in fact, for a finite dimensional 
7ri(i?)-module V, the i?2-terms concerning V is naturally isomorphic to those concerning the 7ri(£?)-module 
yn(F) Q £ 7^ (^-invariants, where F denotes the fiber, so the proof of Lem ]4.1. "51 still works. □ 



Remark 4.2.4. // we express Thm \4-2H\ in the language of schematic homotopy types, there exists an 



isomorphism of schematic homotopy types: 

(L <g> k) sch = (L <g) k) uni x K (7n(L) red , 1) G Ho(SHT) 
for nilpotent L of finite type (see [22] for notation). 

Example 4.2.5. Suppose k is algebraically closed. Let n > 2 be an integer and N be the free abelian 
group of rank I and Let M be a finite rank abelian group with N -action. Let K = K(N,M,n) := K(N tx 
K(M,n — 1), 1). Here, K(M,n — 1) is an Eilenberg Maclane space realized as simplicial abelian group with 
the induced action of N. Let gj £ GL(M ®% k) be the action of j-th generater of N and gj = g? + g™ 
be a Jordan decomposition commutative with each other, where g™ is nilpotent and g^ is semisimple. Note 
that Ylj=i \9j ' s j * s a MC-element corresponding to M <S>z k and the k-invariant is zero as the section 
K(N,1) —> K(N,M,n) exists. When we denote the module of i- dimensional generators of M re d(K,k) by 
V\ by Thm \4J^ 

{ e ; : //•••*, (< = 1) 

V 1 = I ((M ® z k) ss ) y (i = n) 

\ (otherwise) 

and d(sj) = 0, d(x) = Ylj=i i 9j ( x ) ' s j S or x e Here, (M ®% k) ss is the semisimplification of 

N -representation M ®g k, i.e., the j-th generator acts on it by g|. iV acts on V 1 trivially. 

Example 4.2.6 (cell attachment). We shall give an explicit model of cell attachment which is a natural 
generalization of \FT\ Prop. 13. 12]. Let X be a pointed connected CW complex. Let tti := 7Tj(X) (i > 1), 
M ie d(X) = A4 = /\(V l ,dM) and n > 2. Take a € n n (X). We also denote by a : V n — > k the corresponding 
image by the map n n (X) -»■ [T PL (X), Tp L (5")] ^ (V n ) v (see Lem\3T§. Let X U a D n+1 be the space 
obtained by attaching a n + 1-cell to X along a. A model of X U a D n+1 (i.e. a Tr\ cd -dga quasi-isomorphic 
to A rcA {X U a D n+1 )), A(^) a 0{n\ cA )iu is given as follows. 

1. As a graded module, it is l\(V l ) ® 0(ir\ cd )iu, where 0(7r\ ed )[U is a copy of 0(7r\ ed )i whose degree is 
n + l. 
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2. The algebra structure is determined by that of M and M ■ (0(7r\ ed )iu) = (0(ir\ ed )iu) 2 = 

3. The differential d is determined by the derivation property from the formula 

( ifx e 

dx = < d_MX, if x 6 V 1 , i ^ n 

[ dM% + a *( x )u ifx£V n , 

where a* : V n ->• e>(7rf d ), is toe composition: V n coactton o/ ^ y" <g, ©(vrj ^ -^1 O^f 1 )/. . 

/n/act, asvri(XU aJ D n+1 ) tti(X), A rcd (AU a L> n+1 ) is isomorphic to A red (X)x Api(s „ )80Wcd) A PL (fl' i+1 )® 

C(7rJ ed )/. 5o oy an argument similar to \1T\ Prop. 13. 12] we see the latter is quasi-isomorphic to the above 
model (see also Lem\3.377\). 



We shall present some concrete examples. Suppose k is algebraically closed. 

1) Let Xq = S 1 x S 2 and oq be a generator of tts(Xq) = Z. Let X\ = Xq U ao D 4 . Using the above model, 
we can compute the minimal model Mi = M. re ^{X\). Note that 0(Z red ) is isomorphic to the group ring 
k(k*) of the discrete group k* = k — {0}. the fifth stage of Mi is presented as 

Mi(5) = /\(t,s,«a,j,u>a)aefc*,t>i,degt = l,degs = 2,degt> aji = 4, and degw Q = 5 

... f ts 2 for a = 1 , ft 3 for a = 1 

with dv a i = < . , dw a = < 

[ I) otherwise [ tv a i otherwise 

dv a j = tv a ^_i for all a € A;* and i > 2 

Here, the fixed generator ofiri = Z acts as H )• cw> a i and w a i— >• mt; a . in particular, we see the fourth k- 
invariant of X\ is non-zero. Independently, it is easy to see tt^Xi U ai D n+1 ) is the free iri-module generated 
by one element, and the pro-finite dimensional completion of this has the form ((B a ek*U a ) v where n\ acts on 
the infinite dimensional vector space U a = k(ua,,i,u a< 2, . . . } by the infinite size Jordan block of eigen-value 
a. 

2) Next, we take an element ai € iTi(Xi) and put X2 = Xi U ai D 5 . We can identify ir^Xi) with the Laurent 
polynomial ring Tj\x,x~ x \, where the action of the fixed generater of tt\ corresponds the multiplication of 
x. we regard a\ as a Laurent polynomial P(x). Let <j) : 7T4(Xi) — > ((B a ek*U a ) v be the structure map of the 
completion and put (j)^ = 4>{l){u a ^) where 1 € 7L\x,x~ x \. The differential of Mi (5) © ai 0(k t i A )u has the 
following expression. 

N N 

d(^2av ati ) = 5 a ,icits 2 + s ^c i tv a ^-i + ((j> a; i, . . . ,<l> atN )P(A~* N ) 

i=l i=2 

Here, 5 a ,i is the Kronecker delta, A a ^ is the Jordan block of size N and a is the element of k{k*) 
corresponding to a. So if we let R be the set of non-zero distinct roots of P(x) and p a be the multiplicity of 
a G R, M2(5) = /\(t, s, v a> i, wp) a -x eRt i<j< Pa5 f^- 1 eRu{i\ with the degree and differential given by the same 
formula as A4i(5). It is easy to see ^4(^2) = 1>[x,x ]/(P(x)) (finite rank) so we can say the profinite 
dimensional completion of '-^(A^) is the dual of k(wp)p-i e R j jin (Thm \%A7ty . 

Lemma 4.2.7. Let T be a commutative divisible group. Then the Q-pro-algebraic completion Fq S is pro- 
unipotent. In particular, if L is a pointed connected simplicial set with vri(L) commutative and divisible, 
M TC d{L;Q.) = Mpl{L;Q). 

Proof. Left to the reader. □ 
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Theorem 4.2.8. Let — > M — > T — > T — > 1 be an extension of groups such that M is a finitely 
generated abelian group or a finite dimensional ^-vector space. We regard M as a T-module with the 
action induced by the extension. Then 

M Icd (K(f, 1); k) -M rcd (^(r, 1); A:) 8)( a ,„) /\[((M ® k ss )) v , 1]. 

See Def \3. 3. 'Si for the notation. Here, r] is the MC-element corresponding to the T-module M <8> k and 
a £ Z 2 JM rc d(K(T, 1))((M <g> k) ss ,rj) is a cocycle which represents the class [f ] <g> k £ H 2 (r,M <g) k). In 
particular, ifT is algebraically good over k, T is also algebraically good over k. (In these statements, when 
M satisfies the second condition, we assume k = Q.j 

Proof. When we use Thm l4.2T3l or Lem l4.2.Tl the proof is similar to that of Thm J4.2T3l □ 
4.2.1 components of free loop spaces 

Let K be a connected fibrant simplicial set and ix\ be the fundamental group of K with respect to a fixed 
base point *. Let AK be the free loop space of K, i.e., the internal hom-object Sjom(S 1 , K) in the category 
of unpointed simplicial sets. Choose a point b E S . The evaluation at b defines a fibration p : AK — > K 
whose fiber is the pointed loop space £IK of K. Let 7 6 tt\. We let 7 denote its representative loop and 
AyK do the connected component of AK containing 7. p induces a fiber sequence Vt^K — > A^K — > K. Let 
d : ni(K) — > ■Ki_i(£l~ / K) = iTi(K) be the boundary map of the long exact sequence of this fiber sequence. 
One can easily see for a G ni(K), d(a) vanishes if and only if the Whitehead product [7,0] vanishes. So 
there exist exact sequences of groups 

^7r 2 (iT) 7 -> 7Tl(A 7J fQ -> C n fr) -> 1, 

^vr J+1 (^) 7 -)■ Tn(A 7 K) -)■ m(Ky -)■ 

for i > 2, where k^K) 1 = Ker(id — 7), 7Tj(if) 7 = Coker(id — 7) (7 means the action on the homotopy 
groups), and C 7ri (7) denotes the centralizer of 7 in 7Ti. Thus, as is well-known, different components of AK 
have different homotopy types. In this sub-subsection, we give a model of A^K under the assumption that 
7 is in the center of tt\. For the nilpotent case, the result here is already included in [13J and we use their 
argument in the proof. The difference form the nilpotent one is that the category of unpointed schematic 
homotopy types is not equivalent to that of unaugmented equivariant dga's. 
Let M = M rc d(K, *). Let AM be a vrf^-dga defined as follows. 

1. AM = MV^V 1 ) = A(^) <8 /\(y { ), where for i > 1, V i is a copy of V i with degV* = i - 1. We 
identify M with a subalgebra of AM via the natural identification : M D V 1 = V 1 C AM. 

2. We define a derivation i : M — > AM of degree — 1 by i(x) = x (x £ V 1 , x € V 1 is the copy of x), 
i{xy) = i(x)y + (— l) degx xi(y). Then, the differential d^M on ^M is defined by i o dj^i + d^M °i = 0- 

Suppose 7 £ 7Ti be in the center of 7ri. Let 7 be the image of 7 under the map ir\ — > -irf g (k) and 7 = (u, s) 
be the decomposition such that u G R u (7r^ lg )(fc), s € ^^(A;). Under the identification of Cor J5.2.6"l we 
regard u as a linear map V 1 = V l ^ k Let / C be the homogeneous ideal generated by 

{x — u(x), dx I x & V 1 } U {y — s ■ y \ y G AA4}. 

This ideal is closed under 7rJ ed -action and differential. The first part of the above set is the same as K u in 
PS P.4946]. We define a m (A 7 K, 7 ) red -dga A^M by 

A 7 M := AM/I, 
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where the action of tti(A^K, -y) red is given by the pullback of the action of tt\ by the evaluation AjK — > K 
at some fixed point of S . A^M. is not necessarily minimal. The following is a non-simply connected version 
of Theorem]. 

Proposition 4.2.9. Suppose k = Q. Let K be a connected simplicial set such that n\{K) is algebraically 
good, TT2(K) is a finitely generated abelian group or finite dimensional Q-vector space, and TTi(K) is of finite 
rank for each i > 3. Let 7 be an element of the center of tt\{K). Then, under the above notations, there 
exists a quasi-isomorphism M Te ^(A^K, 7) — > A^Ai. 

Proof See also Rem l4.2.10l below. In the following, (- (g> Q) sch is abbreviated to (-) sch . Let (K sch ) sl G 
sPr(Q) be an object given by (K sch ) sl (R) = (K sch (R)) sl for R G Q - Alg, where the right hand side 
is the exponential in sSet and K sch is taken to be fibrant in sPr(Q) loc . Let (K sch )^ be the connected 
component of (K sch ) s containing 7. In general, we have a map / : (A 7 i<Q sch -> (K sch )% induced by the 
map K -> K sch (k). 

We first consider the case that V = ^(K) is a Q- vector space. In this case, as V alg = V by Lem l4.2.7l 
by comparing the long exact sequences associated to the fibrations p sch : (A^K) sch — >• K sch , q : (K sch )'^ — > 
K sdl , the evaluation at the base point of S 1 , we can see / is a weak equivalence and 7ri(A 7 .fr) red = 7rJ ed . 
Let G = 7r™ d . Let (H, B, as) G dgAlgQ Cd be a reductive dga and ip : H — > G be a homomorphism. We fix 
three sets H±, H2, and H3 as follows. 

Hi = {/3 G [ip'*M, A£ ® B} dgMg{Z rcd xH) \a B o /3 = « G [s*.M, A£] dgA | g(Z rc d) } 
F 2 = {/?' G A£ ® 5] dgA | g ( Zr e dxH) I a B o /3' = it G [s*M,/\C\' AgMg{Z r Cd) } 

for a representative ff e[ip'*M, A£ <g> 5] of 1 
a B o/3' = U G[s*M,Ae] J 



ff 3 = /5'e[V^-M,A^i?] dgAlg(Zrcdx//) 



For the notation [—,—]', see Lem l3.3.Tl and below, (we put E = *). Here, (Z red ,A£) is the minimal 
model of A rc d(5' 1 ) and £ denotes a generator of degree 1, if/ = s X ip, and u is considered as a morphism 
s*A4 — > A£ G dgAlg(Z red ). By an argument similar to the proof of [131 Thm.6.1], we see that there exists 
a natural bijection: 

[^AVW.SldgAigGfO^tfi (*) 

(Here we use .ff-equivariant affine stacks[25j instead of rational simplicial sets in [13] . and note that there 
is a natural bijection 

[A, C/(C)] dgA | g ( HxZ rod) = [Az, C] dg A[ g (H-) 

, where for an H-dga A, and an H x Z red -dga C, denotes Z-coinvariants of A, and C/ (C) is C considered 
as H x Z red -dga with trivial Z red -action.) 

We shall see what universal property A4 TCt \((K sch )^ ) have, using Lem l3.3.Tl We work on the inter- 
mediate category whose objects are pointed schematic homotopy types but whose morphisms are those 
of Ho(SHT), the unpointed homotopy category between underlying unpointed schematic homotopy types. 
(K sch )S have a universal property as follows. Let (Y, y) be a pointed schematic homotopy type. The 
following two sets of morphisms in Ho(SHT) is naturally bijective. 

1. morphisms <f> : Y -»• (K sch )f G Ho(SHT) such that vr o (0(Q)) : tt (Y(Q)) ~> 7r ((K sch )f (Q)) maps [y] 
to [7]. 

2. morphisms 99 : Y x (5' 1 ) sch -> K sch such that the composition y x S 1 Y x {S 1 ) sch {Q) -»■ K sch 
is freely homotopic to 7. 
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As 7 is in the center, this bijection gives the following bijection. 



{a G [Rep(G) c ,Rep(tf')] \w H 'oa = u G € [Rep(G) c , Vect]} 

{a' G [Rep(G) c , Rep(H' x Z al ^)] [ i\ o a' = s G [Rep(G) c , Rep(Z al §)]}, ' 

see Lem J3.3.71 Here [— , — ] means [— ,— ] Cat ci so "=" means naturally isomorphic, respecting tensors, and 
in the left hand side G is identified with 7ri(A 7 ET) red while it is identified with 7ri(-?T) red in the right hand 
side (H' = m(Y)). So by Lem J3.3.71 and the universal property of (K^)^ 1 , we get a natural bijection: 

[rM ied ((K sch )f),B}' dgAlg{H) = H 2 . 

On the other hand, (*) implies [V>*A 7 .M, £?]d g Aig(ff) ~ ^3- Now, elements in [s.M,A£] which is identified 
with u in [sAi, A£]' are {u * g\g G G(Q)} but by assumption these are equal to u. So H2 = H 3 , which 
implies A 7 M ~ M rcd ((K sch )f ). 

For the case ^(K) finitely generated abelian, / is not a weak equivalence. Let r : K — > Kq be a 
fiberwise rationalization so that 7Ti(r) : 717 (if ) = 7Ti(-Kq) and 7Tj(r) <X> Q : 77 (if) <8> Q = ^(-PCq). Consider 
the induced map r* : A 7 i^ — > A 7 ifQ>. By Lem l4.2.7l the pull-back by 717(7-*) preserves semi-simple Q- 
representations so maps 7ri(r*) rcd : 7Ti(A 7 if) red — > 7ri(A 7 ATQ) red and A rec j(r ! „) : A ied (KQ) — > A ied (K) are 
induced. By 13.3.71 (o:*)*Tpl(-Kq) — > Tp^(K) is equivalent to TA rcd («») : TA red (i ; CQ) — > T A red (K). 
So by Thm l4.L3| Thm l4,2T8l and naturality of the construction of the iterated Hirsch extensions, we see 
A / t re d(A 7 i^Q ) ) = A4 re d(AyK) as underlying dga's. 

□ 



Remark 4.2.10. If we define a "category of dg-algberas over pro-reductive groupoids" appropriately, it 
is equivalent to the sub-category of Ho(SHT) whose morphisms are those which preserve semisimple local 
systems. We can prove Prop \4-279] using this category similarly. To deal with more general base loops than 
the center, especially loops which do not preserve semisimple local systems, it will be inevitable to consider 
Tannakian dgc 's as the universality of the component is not contained in the semisimple subcategory. 

Example 4.2.11. Let K be a connected simplicial set such that iri(K) = Z and 
M.{= M. ve d(K)) = A(i, s\, S2, S3, S4, ui, U2, u 3 ) deg t = 1, deg s« = 2, degUj = 3, where 



1. the generator g = 1 G 7L act on M. by g ■ t = t, g ■ (si,Si + \) = (si,Si + i) 
g -uj = -uj (j = 1, 2), g-u 3 = u 3 , and 



1 
-1 



(i = 1,3), 



2. the differential is given by dsi 

du 3 = S1S4 — S2S3- 

For example, the action of 717 on iT2 



ds2 = 0, ds 3 = tsi, dsi = ts2, du\ = s\S2, du2 = 2tu\ — s\s 3 — S2S4, 



I (77 = 77 (if) ) is as follows (see the proof of Thm \3.jpty . 

/ 1 -1 \ 

/ $ # # * \ / * * * *\ 1 

g ■ {s 4 ,s 3 ,s 2 ,Si) = {s 4 ,s 3 ,s 2 ,s 1 ) 1 

\ 0-1 / 

Here, (s*) is the dual basis of (sj). 

(i) 7 = e (the unity). AeA^ = A(i, Sj, Sj, %,«y)i=i,... 1 4j=i l 2,3 3 which is already minimal. For example, 
du2 = 2tu\ + s~\s 3 + s\s 3 + S2S3 + S2S3. In this case, iri(A e K) = iT2 x 717 and by the description of the 
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minimal model, we can compute the action of iri(A e K) on the homotopy group. For example, the action of 
si (considered as an element of '^2 C TT2 x n±) on iT2(A e K) ® Q = Qfa^u^ul, s|, S3, s 2 , «i) is given by 



( 1 



\ 



1 / 



(ii) 7 = 5. A g A4 = A(£, 2/3,143) with d = 0, which is minimal 

(iii) 7 = g 2 . KgiM. is not minimal. A minimal model of K g 2M. is A/2 '■= A(£, «i, 1/3, i/ 2 , 113), degt = 1, 
degni = degn3 = 2, degu' 2 = degu^ = 3, d = 0. A/2 is identified with a subalgbra of A„2.M whose inclusion 
is a quasi-isomorphism, by 1 1— )■ £, Uj 1— > u,-, -u 2 1— > 1*2 — £2/2/2, U3 1— >■ 2/3. 

(iv) 7 = g 4 . ^4 minimal model of A g 4M is A/4 := A(£, si, S2, s 3 , s 4 , 2l 3 , 2t 2 , 2/ 3 ) 2/>i£/i degs^ = degu^ = 2, 
deg-Uj = 3 ; and ds 3 = ds 4 = du^ = 0, du' 3 = — s~is 4 + S2s' 3 , du' 2 = du' 3 = 0. A/4 is identified with a 
subalgbra of K g iM. whose inclusion is a quasi-isomorphism, by x \-t x (x = t,s~i,S2), s[ \-t Si — £Ij/4 
(i = 3,4,), u[ \-t u\ + (si«4 - •S3S2)/4, 2/3 i->- 2/3 - S3S4/4, u 2 (->■ 2/ 2 - (S3S3 + s 4 s 4 + £2t2)/4. u 3 h4 
1*3 - ^3/4 - 13is 3 s 4 /16 + (s 3 s 4 - s 4 s 3 )/4. 

Remark 4.2.12. Let [7] G H 2 (7Ti; (vr2) 7 ) 6e £/ie c/ass associated to the extension — > {^2)^ 7r i(A 7 AT) — > 
tti — > 1. When 7 is £/ie unity, clearly [7] = 0. In £/te above example, for all 7, £/ie c/ass [7] ® Q € 
H 2 (7Ti; (vr2) 7 <8>Q) is zero. i?2/£ £/iis is not true in general, and a counterexample exists even in the nilpotent 
case. For example, let M. = A(ii, t2, £3, s) toit/i deg£j = 1, degs = 2, d£j = 0, and ds = i]^^, and let 7 = 
(£1 = 1, £2 = 0,^2 = 0). Then A 7 A4 = A(£i, £2, £3, s, s) with ds = —t2t%, which imply [7] <g> Q = [— t2t^\ 7^ 
(see Thm \4^8\ ). 

4.3 Equivalence with algebraically good spaces 

In this subsection, we will show a homotopy category of Tannakian dgc's with subsidiary data is equivalent 
to a homotopy category of some spaces. We restrict our discussion to the pointed case. Let sSetJ denote the 
category of pointed connected simplicial sets. We say a connected pointed simplicial set K is algebraically 
good if tt\{K) is algebraically good and TTi(K) is a finite dimensional Q- vector space for each i > 2. we 
denote by sSetf d the full subcategory of sSetJ consisting of algebraically good spaces. 

Definition 4.3.1. (1) Define a category Tan^ as follows. 

1. An object is a triple (T,T,<ft) consisting of a Tannakian dgc T, a discrete group T and an equivalence 
of closed k-categories <j> : Z°T — > Rep(r) such that the following diagram is commutative. 

z°r — Rep(r) 

Vect, 

where ojt is the forgetful functor. 
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2. A morphism (T,T,cp) — > (T',T',(j)') is a pair F = (F,F gr ) of a morphism of Tannakian dgc's F : 
T — > T' and a group homomorphism F gr : V — > V such that the following diagram is commutative. 



z°r — z°r 



Rep(r)^SRep(r') 



We say a morphism F : (T, — > (T',F',(p') G Tan^J" is a weak equivalence if F : T — > T' is a quasi- 
equivalence and F 9r is an isomorphism. Ho(Tan^) denotes the localization o/Tan+ obtained by inverting 
all weak equivalences. 

(2) Tan+ 9d denotes the full subcategory consisting of (T, T, <f>) 's such that vr.j(T) := [T, TpL<S l ] d Cat ci is a finite 
dimensional Q)-vector space fori > 2 and V is algebraically good (By Lem \3.J^b^ ^i(T) is isomorphic to the 
dual of the i-th indecomposable module of the minimal model of the corresponding dga). The corresponding 
full subcategory of Ho(Tan+) is denoted by Ho(Tan+ 9d ). (3) Let F ,F 1 : (T,T,4>) — ► {T',T',4>') G Tan+ be 
two morphisms. We say F\ and F2 are right homotopic (resp. left homotopic,), written ~ r (resp. ~i) if 
Ff T = F^ v and Fo and Fi : T — > T' are right homotopic (resp. left homotopic) as morphisms 0/dgCat^ 1 . 

We shall show Ho(sSetf) and Ho(Tan+ ffd ) are equivalent. 

We do not claim Tan^ has a model category structure but we have the following lemma. 

Lemma 4.3.2. Let (T, T, <f>), (T', V, <fi') G Tan+. Suppose T is cofibrant and T' is fibrant in dgCat* 1 . Then, 
for two morphism Fq,Fi : (T,T,(j)) — > (T',F',<p') G Tan+, Fo ~ r F\ if and only if Fq ~j F\. ~ r (so ~i) is 
an equivalence relation on Hom Tan + ((T, T, (ft), (T", V, eft')) and there exists a natural bijection: 

Hom Ho(Tan + ) ((T, T, 0), (T', r', 0')) = Hom Tan +((T, T, 0), (T' , V, 0'))/ ~ r . 

Proof. Note that if Fq,F\ : T — > T' G Tan* are right or left homotopic in dgCat* 1 , the induced morphisms 
(Z°F )*, (Z°Fi)* : Aut®(w z o T /) -> Aut®(u; z o T ) are equal. By using this fact, we see right or left homotopic 
morphisms represent the same morphism in Ho(Tan^). So the lemma is standard, see [TJ or |14} Thm.1.2.10]. 

□ 

Remark 4.3.3. The author does not know whether the statement corresponding to Lem \4-372] in the un- 
pointed case is true. Ln this case, we will consider groupoids instead of groups. As morphisms of groupoids 
have non-trivial homotopic relation, if we define a right or left homotopic relation similarly, the proof does 
not go on similary. 

Define two functors 

T + L : sSet^ — ► (Tan+)°P, R<- -, -} : (Tan+)°P — ► sSet^ 

as follows. 

For K G sSet*, Tp L (ET) = (Tpl (K), it\ (K), where <px is a fixed functorial equivalence Z°(Tpl(K)) — > 
Loc(K) ^ Rep(vri(F)). For (T,T,4>) G Tan+, R(T,F,4>) is the following pullback. 

R{T,T,</>) ^(QT) 

v 

BY ^BUtiQT) 
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Here, QT is a fixed functorial cofibrant replacement of T, Ui{QT) is the fundamental groupoid, p is the 
canonical map which gives an isomorphism of fundamental groupoid, and <p* is the following composition. 

BY -»■ BAut®(w r ) SAut®(Z°o;Q T ) B-k x (QT) -> BIIi(r), 

see Appendix IA.21 where the first map is induced by the natural " evaluation" T — > Aut® (wp ) and the 
inverse of the isomorphism Aut®(Z°o;r) — ^liQT) is the following composition: 

ni{QT) * [QT,T PL S\ gCatll % [Z°(Qr),Rep(Z)] Cat c 1 * Aut®(Z°o;Q T ), 

where the last isomorphism sends an action of 1 G Z to an automorphism. This is in fact, an isomorphism by 
Thm.?? and 15. 2. II Note that Tp L preserves weak equivalences so it induces a functor Tp L : Ho(sSet^) — > 
Ho(Tan+) op . As the map p : (QT) — > BH\(QT) is a fibration, the above pullback is a homotopy pullback. 
So R(— , — , — ) also preserves weak equivalences and it defines a functor between homotopy categories. We 
have an obvious natural map 

d> : Hom sSet c(A-,lR(r,r,0)) ^Hom Tan +((QT,r,<A),T+ L (A-)). 

We can easily see if K is reduced, i.e., Kq = *, this map is a bijection and preserves and reflects homotopy 
relation so $ induces a bijection 

d> : Hom Ho (BSet;)(tf,feCr,r,$) — > Hom Ho ^ Tan +^((T, T,<f>), Tp L (K)) 

by Lem l4.3.2l Thus the pair (Tpr ,R{— , — , — )) is an adjoint pair. 

Theorem 4.3.4. (1) The above adjoint pair induces an equivalence between full subcategories : 

T+ L : Ho(sSetf) ^ Ho(Tan+^)°P : R<_ _). 

(2) Let K be a connected pointed simplicial set whose fundamental group is algebraically good and whose 
higher homotopy groups are of finite rank as Abelian groups. Then, the unit K — > 1R(Tpt j (-K'), iri(K), fix) 
is the fiberwise rationalization. 

Proof. (1) For K G sSet| d , we shall show the unit map uk ■ K — > R(Tp L (if)) is a weak equivalence, we use 
the notation of Thm l4.L3l By definition, the map tt\(uk) '■ ^i(K) 7Ti(M(Tp L (if ))) is an isomorphism. 
For i-ih homotopy group (i > 2), we may assume K is weak equivalent to the i-th level of the Postnikov tower 

of K. Consider the fiber sequence F — > K P ^> 1 Ku_i\ , where F is the fiber of type K(iTi(K),i). By the proof 
of Lem l4.1.51 the corresponding morphism /* : TpL-fT — > Tpl-F is equivalent to the morphism T(7r\ cd , M.) — > 
T(e, G Tan* induced by a morphism (7rf d ,A4) -> (e, f\{i^ , i)) G dgAlg^* which maps V j to 

(j < i) and V 1 to vr/ isomorphically. So by Leml3A6l m(R(f*)) : 7Ti(M(T PL F))'^ iri(R(T PL K)) is an 
isomorphism. As the unit F — > R(Tpl-F) is a weak equivalence by the classical Sullivan's theory, we see 
the map iti(K) — > 7rj(R(T P L-K")) is an isomorphism. This implies tt^uk) is an isomorphism. Thus, uk is a 
weak equivalence and Tp~ L is fully faithful. 

By a similar argument, we see a map F : (T, T, <fi) — > (T", T' ,<fi') G Tar\^ gd is a weak equivalence if the 
induced map M.F : R(T, T,(j)} — > R(T' ,T' , <fi') is a weak equivalence so Tp~ L is essentially surjective. One 
can prove (2) by a similar argument. □ 
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5 Correspondence with schematic homotopy types 



5.1 Definitions 

We recall the notion of schematic homotopy types from [221 I25j . Let R — Alg denote the category of 
(discrete) commutative unital i?-algebras for a commutative unital /c-algebra R. 

Definition 5.1.1. (1) sPr(fc) denotes the category of simplicial presheaves on Aff^ := (k — Alg) op . In other 
words, sPr(/c) is the category of functors k — Alg — > sSet and natural transformations. 

1. For a simplicial presheaf X E Ob(sPr(/c)) and a R-point s G X(R)q, (R G k — fK\g) the i-th homotopy 
presheaf irf re (X, s) with base point s is a presheaf on Aff^ = (R — Alg) op defined by Tr^ re (X, s)(S) := 
7Ti(X(S), u(s)) for S G R — Alg. Here, u(s) denotes the image of s by the unit u : R — > S, and if 
i = 0, we ignore s and suppose R = k. The z-tli homotopy sheaf Hi{X,s) with base point s is the 
sheafification of nf~ e (X , s) with respect to the faithfully flat quasi-compact topology on AfpR. We say 
X G sPr(fc) is connected if the 0-th homotopy sheaf ttq(X) is one point sheaf. 

2. We regard sPr(k) as a model category via the objectwise projective model structure, denoted by 
sPr(A;) ob j, where a morphism f : X — > Y G sPr(fe) is a weak equivalence (resp. a fibration) if and 
only if fa : X(R) — > Y(R) G sSet is a weak equivalence (resp. fibration) of simplicial sets for any 
R G k — Alg. We call the above weak equivalence an objectwise equivalence. 

3. We also consider the local projective model structure [18l [19] on sPr(/c) , denoted by sPr(A:) loc ; where 
weak equivalences and cofibrations are defined as follows. 

(a) A morphism f : X — > Y is a weak equivalence, called a local equivalence, if and only if it 
induces isomorpisms of 0-th homotopy sheaves ttq(X) = tto(Y) and of i-th homotopy sheaves 
7Ti(X, s) = 7Tj(Y, /(s)) for any i > 1, any R G k — Alg, and any base point s G X(R)q. 

(b) A morphism is a cofibration if and only if it is a cofibration in the objectwise projective model 
structure. 

We say an object X G sPr(/c) is a local object if a fibrant replacement X — > RX in sPr(A;) loc is an 
objectwise equivalence. 

4. We set sPr(A;)* := */sPr(fc) 3 sPr(/c)° bj := */sPr(£;) ob j, and sPr(A;) 1 ° c := */sPr(£;) loc . 

(2) f|Hl [25\/ ) We say a pointed simplicial presheaf X G sPr(k)* is a pointed schematic homotopy type if 
the following conditions are satisfied. 

1. X is a connected local object. 

2. The homotopy sheaf iri(X, *) is represented by an affine group scheme over k for any i > 1 and it is 
unipotent for i > 2. 

We say a pointed schematic homotopy type X G sPr(k) Sf is a pointed affine stack if iri(X, *) is represented 
by a unipotent affine group scheme over k. We denote the full subcategory o/sPr(fc)* consisting of pointed 
schematic homotopy types by SHT*. Ho(SHT^) denotes the corresponding full subcategory of Ho(sPr(/c)° b -') 
(or Ho(sPr(A;) 1 ° c ) / ). We say an object U G sPr(A;) is a schematic homotopy type if there exists a point 
* G U(k)o such that the pointed object (U,*) G sPr(£;)* is a pointed schematic homotopy type. We denote 
by SHT the full subcategory of sPr(k) consisting of schematic homotopy types. 

(3) (1221) Let K G sSet (resp. sSet„J be a connected simplicial set. We denote by K_ be a constant simplicial 
presheaf given by K_{R) = K for R G k — Alg. The schematization of K is a morphism 

K^(K® k) sch G Ho(sPr(fe) ob j) 
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(resp. Ho(sPr(k)° h ^)) which is initial in the category ^/Ho(SHT) (resp. K_/Ho(SHT*)). Here, JC/Ho(SHT) 
is the full subcategory of the over category i£/Ho(sPr(A;)) consisting of objects K_ —■ X such that X is a 
schematic homotopy type. X/Ho(SHT*) is similar. 

The above definition of pointed schematic homotopy types is different from the original one but they are 
shown to be equivalent, see [251 Cor. 3. 16]. The existence of the schematization in the pointed category was 
proved in [22] (we will reprove this later, based on the above definition). The existence of the unpointed 
schematization follows from Cor l5.2.7l 

We shall define an adjoint pair (T PL , (-)) : sPr(fc) -> (dgCat cl )°P (or sPr(£;)* -> (dgCat^ 1 ) ?). This is an 
analogue of the adjoint pair (Tpl, (-)) : sSet -> (dgCat cl ) op defined in subsection El 

We first define a notion of local systems on a simplicial presheaf. In order to ensure some functoriality, 
we take care about the definition of the category of projective modules. The following definition of (1) can 
be found in [231 1.3.7], for example. Let R — Mod denote the category of i?-modules and i?-linear maps. 



Definition 5.1.2. (1) For R 6 k — Alg we define a category R — Proj as follows. 

1. An object is a pair (M_,^>_) consisting of a function M_ which assigns each R-algebra S a finitely 
generated projective S-module M$ and a function 0_ which assigns each morphism f : S — > S' G 

R — Alg an isomorphism <pj : Ms <S>s S' — > Ms' 6 5'- Mod such that for each sequence S — > S' 
S" E R — Alg the following diagram is commutative. 

(M s 0s S') ® 5 ' S" ^^M' s ® S i S" 



M s ® s S" ■ 



<t>f'of 



Here, the left vertical arrow is induced from the associativity isomorphism and unit isomorphism. 
Sometimes we omit (f>. 

2. A morphism F : (M, cj)) — > (N, ip) is a function assigning each R-algebra S a morphism Fs ■ Ms — > 
Ns G S — Mod such that for any f : S — > S' G R — Alg the following diagram is commutative 

M s ®s S'^^-Ns^s S' 



4> f 
M s >- 



N S > 



We regard R — Proj as a closed k-category in the obvious way. For example the internal horn Sjom(M, N) 
is given by Sjom(M,N)s = Sjom(Ms,Ns), the right hand side is the internal horn in S — Mod. For 
f : R — >■ R' € k — Alg we have a morphism /* : R — Proj R' — Proj € R — Cat cl defined by f*(M)' s = Mf*s r , 
where S' G R' - Alg. Note that /* o /* = (/' o /)* 

(2) Let X be an object of sPr(k). Let R — Proj lso be the full subcategory of R — Proj consisting of all objects 
and all isomorphisms. 

A local system Jz? on X is a collection {-S%}/?Gfc-Aig of functors J£r : [A(X(R))] op — > R — Proj lso such that 
for each morphism f : R — > R' G k — Alg the following diagram is commutative. 



[A(X(R))] op 



R 



(AX f )°P 



[A(X(R'))] op — ^ R' 



Proj 

/• 

Proj 
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A morphism a : J2? — > =Sf' of local systems is a collection {or} of natural transformations a R : Jz?r => J£" R : 
[A(X(R))] op — > i? — Proj compatible with ring homomorphisms. We denote by Loc(X) the category of local 
systems on X. We regard Loc(X) as a closed k-category in the obvious way. 

Let X G sPr(A;)* be a connected object such that iri(X, *) is represented by an affine group scheme G 
over k. It is easy to see Loc(X) is equivalent to the category of finite dimensional representations of G. 

Definition 5.1.3. Let X be a simplicial presheaf and Jz? be a local system on X . The dc Rham complex 
of J2?-valued polynomial forms Cpl(^;J?) G C-°(fe) is defined as follows. For each q>0, the degree q part 
is the submodule of 

n n n vc?,?)®*^^ 

-RS/c-Alg p>0 a£X(R) p 

consisting of {u a } Rek _ Mgtr7eAX (R) 's such that 

1. for each algebra R G k — Alg and morphism a : r — >■ a G AX(R), a*u a = u T , and 

2. for each map f : R — > R' G k — Alg and simplex a G X{R), (id <8>fc = ^x f a- 

Here, a* denotes the tensor of a* : V(\a\,q) — > V(\r\,q) and ££r{o) : ££ R {o) — > ££r{t) (\ ■ \ denote the 
dimension of a simplex), and (\&®kf*)(u a ) denotes the image ofu a by the tensor of the identity ofV(\a\,q) 
and the following composition. 

& R {o) R -> & R (a) R ®r R' U J? R (o-) R , = J?R>(X f <j). 

For q < -I, we set C q PL (X,^) = 0. The differential d : C| L (X,Jz?) -> C q ^(X,^) is defined from that of 
V(*,?). 

We define a functor 

T PL : sPr(A;) — > (dgCat cl )°P 

by setting 

Ob(Tp L pO) = Ob(Loc(X)), Hom TpL(1) (^,^) = C PL (X; i}om(J^, if')) 

for X G sPr(fc). The composition and the closed tensor structure are defined in the obvious way. 
A right adjoint 

(-) : (dgCat cl ) op — ► sPr(fc) 

of Tpl is defined by 

(C)(R) n := Hom dgCat ci(C,T PL (/ lR x A n )) 

for C G dgCat cl , n > and R G k — Alg. Here h R denotes the Yoneda embedding of SpecR, and h R x A n 
is a simplicial presheaf given by h R x A n (S) := h R (S) x A n G sSet. For a pointed simplicial presheaf 
X G sPr(fc) !f , we define a closed dgc with a fiber functor Tpl(X) € dgCat^ 1 by the following pullback 
square: 

TplPO -T PL (X U ) 

T PL (pt) 

Vect ^T PL (*), 

where X u G sPr(A;) denotes the underlying unpointed simplicial presheaf. On the other hand, for an object 
C G dgCat* 1 , (C) is naturally pointed as (Vect) = * so we have an adjoint pair (Tpl, (— )) : sPr(fc)* — V 
(dgCat^) op . For connected object X G sPr(k)*, Tpl(X) is equivalent to Tp-^(X U ) as closed dgc's. 
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Lemma 5.1.4. The adjoint pairs (T PL , (-)) : sPr(/c) ob j -> (dgCat cl )°P and (T PL , (-)) : sPr(A;)° bj -> 
(dgCat!; 1 ) 013 are Quillen pairs. 

Proof. When we use Prop lA7l,2l the proof is similar to that of Lem l3.4."3l Note that for a local system ££ 
onh R xA n , C PL (h R x A",^f') = CpL(A n ;^fl|i dji xA«)- □ 

5.2 Equivalence between schematic homotopy types and Tannakian dg-categories 

In this subsection, we prove the following theorem. Note that for connected K € sSet* LTpiXiQ is naturally 
(quasi-)equivalent to Tpl(K) which is defined in [37 



Theorem 5.2.1 (cf. Cor.3.57 of [27]). (1) The derived adjunction (LT PL ,R(-)) : Ho(sPr(/c)° bj ) — ► 
Ho(dgCat^) induces an equivalence between full subcategories: 

LTp L : Ho(SHT*) Ho(Tan*) op : R(-). 

(2) For connected pointed simplicial set K, the unit of the adjunction 

K — > R(T PL (K)) E Ho(sPr(fc)S b j ) 

is the schematization over k. 

We prove this using the following theorem of [22J. 

Theorem 5.2.2 (Thm.0.0.2 and Cor. 2. 2. 3 of [22]). Let cAlg/fe be the category of commutative and unital 
cosimplicial k-algebras with augmentations. Let O : sPr(/c)[f c — > (cAlg/A;) op be the functor such that for a 
simplicial presheaf X € sPr(fc)'° c ; 0(X) n = Hom(X n ,Oo), where Oq is the tautological presheaf k — Alg 9 
R i— > R € Set and Horn is the set of morphisms between presheaves. Then O is a left Quillen functor and 
its derived functor LO : Ho(sPr(/c) 1 ° c ) — > Ho(cAlg/fc) op induces an equivalence between the full subcategory 
of affine stacks and one of connected (i.e.H = k) cosimplicial algebras. 

This theorem can be formulated using dg-algebras instead of cosimplicial algebras as follows. Let 
A PL : sPr(A;) 1 ° c -> (dgAlg/fc) op be the functor defined by A PL (X) = C PL (X,1). This is a left Quillen 
functor whose right adjoint | — | is given by |A|(J2) n := Homdg Alg(^4, Ap^(/i/j x A n )) It is well-known that 
the Thom-Sullivan cochain functor Th : cAlg//c —¥ dgAlg/A; induces equivalence of homotopy categories, 
and it is easy to see the following diagram commutative up to natural quasi-isomorphism. 

sPr(fc) 1 ° c — (cAlg/fc)°P 
Th 

(dgA\g/k)°P. 

So we may rephrase Thm l5.2T2l that the functor LAp^ : Ho(sPr(A;)[ l oc ) — > Ho(dgAlg/fc) op induces an equiv- 
alence between affine stacks and O-connected dga's. 
We shall state some fundamental results. 

Definition 5.2.3. For a pointed schematic homotopy type X , we put A rec j(X) := A re( j(LTpL(X)) 

Proposition 5.2.4. (1) Let X £ sPr(£;)*. LTplX is complete. If X is connected, LTpl^ is a Tannakian 
dg-category with a fiber functor. LTplX and T A TC( ^(X) are equivalent. 

(2) ForT £ Tan*, letT ss denote the full sub dgc ofT consisting of semisimple objects o/Z°T. The inclusion 
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T ss — y T in d uces an isomorphism R(T) — > R(T SS ) G Ho(sPr(/c)° bj ). 

(3) For any object T G Tan*, R{T) G Ho(sPr(/c)° b ^) is connected. 

(4) Let X, Y G sPr(A;)* 6e connected objects which is cofibrant in sPr(k)° h K For a local equivalence f : X — > 
Y, the corresponding morphism f* : Tpl^ — > Tp^X is a quasi- equivalence. 

(5) Let F G sPr(&:)* be a pointed affine stack. The unit of the adjoint 

F — ► M(LT PL (F)) G Ho(sPr(AO° bj ) 

is an isomorphism. 

Proof. The proof of (1) is similar to that of Thm j37431 For (2), by (1) and Lem ]2,2l4"1 for any L G sPr(fc), 
[L,R{T ss )]sPr(k) = [T ss ,LT PL (L)] dgCatCl - [T,LT PL (L)] dgCat ci - [L,R(T)] sPr(fc) . 

(3) follows from Thm.3.2]. (4) follows from PropfAT2]as invariance of C sp i(— under local equiv- 
alence between connected objects are well-known (see e.g. [22]). (5) follows from the reformulation of 
ThmEUand (2) as M(LTp L F) R{J SS A PL (QF)) M|A PL (QF)| = F. □ 

For an affine group scheme G, define a simplicial presheaf if (G, 1) G sPr(&)* by if(G, l)(i?) := 
K(G(i?),l). 

Lemma 5.2.5. (1) Xei G be a reductive affine group scheme. Let K G sPr(A;)* be a fibrant model of K(G, 1) 
in sPr(fc)|f c . The unit of the adjoint 

K — > M(LT PL (K)) G Ho(sPr(£0fj) 

is a local equivalence. (Note that local equivalences are stable under objectwise equivalences so we apply the 
notion to the morphism of Ho(sPr(fe)° b -') y ) 

(2) Let X be a pointed connected simplicial presheaf such that tto(X) = * and tti(X) is represented by an 
affine group scheme G. Suppose X is fibrant in sPr(A:)!f c . Let K G sPr(Q)* be a fibrant model of K(G red , 1) 
in sPr(/c)!f c and p : X — > K G sPr(A;)* be a fibration such that ir\{p) : tti(X) — > ni(K) is isomorphic to 
the canonical map G — > G rcd . Let F G sPr(/s)# be the fiber of p at the base point. Then the sequence 

M(LT PL (F)) — > M(LT PL (A)) ^R(LT PL (K)} 
is a homotopy fiber sequence in sPr(£;)° b ^. 

Proof. Let QF be a cofibrant replacement of F. We first show A re ^(QF) (= Cpi,(QF; 1)) is quasi- 
isomorphic to A re d(A) with trivial group action as a dga. As an explicit model of F we use X defined as 
follows. We denote by i ? i6(Loc(A) ss ) the presheaf of groupoid of fiber functors of Loc(A) ss , the category 
of semi-simple local systems on X. Precisely, for an algebra R G k — Alg, An object of Fib(Loc(X) ss )(R) 
is a morphism uj : Loc(A) ss —>■/?,— Proj G Cat cl . and a morphism is a natural transformation preserv- 
ing tensors. By the definition of R — Proj the correspondence R t— >■ Fib(Loc(X) ss )(R) is functorial. Let 
N \Fib(Loc(X) ss )) be the corresponding simplicial presheaf obtained by taking nerve in the objectwise 
manner. This is a fibrant model of K(G ied , 1) in sPr(fc) 1 ° c (G = ni(X)). We have a natural morphism 

p' : X — > N{Fib{Loc(X) ss )) 

such that 7ri(p') : m(X) — ► ^iiV(Fi6(Loc(A) ss )) is isomorphic to G — > G red . We set 

X(i?) n = {((7,0k G X(R) n ,le Fib(Loc(X) ss )(u a{0) ,u*)} 
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where co x : Loc(A) ss — s- R — Proj denotes the i?-fiber functor comes from x G X(R)o. Note that X has 
a G rcd -action given by g ■ (a, I) = (a, g o £). We shall show A rc d(X) is isomorphic to A rc d(X). C(G red ) is 
considered as a local system on X by 

X(R) n 3 a i — ► ( Hom Fa(Loc(x)ss } (ay (0) ,u*)). 

Here, Hom f j&(Loc(x) ss )(~ > — ) denotes the sheaf of natural transformations which is represented by an affine 
scheme over R. Note that if X is cofibrant, X is also cofibrant. 

A map <f> : A rcc j(A) — > A re d(X) is defined as follows. An element of A rc d(X) is presented as J2i a i ® fit 
oti G V(n, *), /j G 0( Hom f^(Lo C (.y) ss ) > ^(0) ) ) locally on a G X(R) n . We define an element 4>(J2i a i® fi) 
to be Yli a i®Kfi) ^ V(n, *) <8>R on (cr, Z). Here, / is considered as a map 0( Hom Fi h{]_. or (x) ss )( U} ^)^ (jJ *") > > — y 
R. 

A map ip : A rc( j(A) — > A re( j(A) is defined as follows. A re d(A) has an G red -action induced from the action on 
X. The corresponding comoduled map induce an isomorpism p : A re ^(X) = (0(G rcd ) <g> A re d(A)) Gro . Via 
this isomorphism, an element of A rc d(A) are presented as ^ • Vj®cij, Vj G 0(G md ), a,j G A re d(A). We define 
an element <p(%2j v j® a j) to De otj (<r, /) ® R [(/ o Kg) id) o/z*^-)] locally on a (/ G Fi6(Loc(A) ss )(w o .( ), w*) 
is arbitrarily fixed. ) Here, 

//* : 0(G rcd ) 0(Hom(^,w*)) — ► 0(Honu>*, w<t(0 ))) ® fl OQfcm(w ff( o), w*)) 

is the cocomposition and 

t : C(Hom(a;*, w ct(0 ))) — ► Of Hom f^^.a;*)) 

is the coinverse map. (j) and ip are morphisms of G red -equivariant dga and inverse to each other. Thus, 
A re( j(A) = A re( j(A). Consider the case that G is reductive and A is a fibrant model of K(G, 1) in sPr(/c) 1 ° c . 
Clearly F is contractible so A rcd (A) ~ (G, k). and LT PL (K) T ss (G rcd , k) Rep(G rcd )). Then, 

7rr(K<T PL (^)»(i2) - [h R A^,R(T PL (K))] sPrW o bj - [T SS (G, fc), T PL (^ A S n )] dgCat c> 

Here, A S 1 " G sPr(/c)* be an object defined by the following pushout diagram 

h R > * 

idxi) 

h R x S n h R A S n , 

where v is the base point of S n . If n > 2, this is clearly *. If n = 1, The last term is bijective to the set 

Hom CatCl/K _ Proj (T ss (G, k) c , Re Pi? (Z))/ ~ 

Here Rep fi (Z) is the closed /c-category defined as follows. 

1. An object of Rep i? (Z) is a pair (V, r) of F G Vect and i?-linear representation r : Z — > GLr(V -R) 
of Z, and 

2. a morphism / : (Vq, rrj) — >• (Vi, ri) is a morphism / : Vb — > Vi of Vect such that / ®fc R is compatible 
with the actions. 

The augmentation w^p^^j : Rep^(Z) — >■ i? — Proj is given by the forgetful functor. ~ is an equivalence 
relation such that F\ ~ F2 if and only if there is a natural isomorphism i : F± =>• i<2 such that i preserves 
tensors and (wR epK (z))** is the identity. This set is bijective to Aut® (w-r ss (G,ifc) c : T SS (G, fe) c —> R — Proj) in 
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the way that an action of 1 £ Z corresponds a natural automorphism. Thus we have tt^ e (R(TpL(if ))) = 
Aut®(o;) = G and obtain (1) (see Appendix El]). 

By (1), Thm l3A4l and Lem l3.3.3l there is a commutative diagram in dgCat^ 1 : 

T*(G, fe) T SS (G, A rcd X) T ss (e, A rcd X) 

T PL (^) SS T PL (X) SS T PL (QF) SS 

such that the left and middle vertical arrows are quasi-equivalences. By the above assertion, the right 
vertical arrow is also a quasi-equivalence so the bottom horizontal sequence is a homotopy cofiber sequence 
and this imply the claim of (2). 

□ 

Proof of Thm l5.2A[ Prop l5.2l4l (5), Lem l5.2.5l and the long exact sequence of homotopy sheaves show the 
unit 

Ux . X — ► M(LT PL (X)) 
is a local equivalence for X G SHT* Consider the commutative diagram in Ho(sPr(fc)° b ''): 

R(LT PL (X)} — >■ M(LTpl(1R(LTpl(A^)})} 

i R(LT PL (i)> 

R loc R{lLTp h (X)) M(LTp L (^ oc R(LT PL (X)))), 

where u = u K ( LTpl(x) ) , it' = iifl ioc R(LTpL(X)>, and i is a fibrant replacement in sPr(k) l ° c . By PropJ031(3), 
M(LTpL(i))ou is an isomorphism so u'oi is and we may regard M(LTpl(X)) as a retract of Ri oc R(1LTpl(X)) 
in Ho(sPr(A;)° b ^). By a characterization of local objects, this imply M(LTpl(X)) is also a local object. As 
a local equivalence between local objects is an objectwise equivalence, we see ux is an isomorphism. Thus 
LTp L : Ho(SHT*) — ► Ho(Tan) is fully faithful. By Lem I3331 and I5T51 we see a morphism / : T -> T' G 
Tan is a quasi-equivalence if and only if R(/) : R(T') — > R(T) is a weak equivalence so LTpl is essentially 
surjective. □ 

The following is a corollary of Thm l5T2~!Tl 

Corollary 5.2.6 (cf. Rem. 4. 43 of |27j). Xei X G SHT* be a schematic homotopy type and A4 be a 
minimal model of A re< j(-X"). Lei denote the i-th indecomposable module of Ad. For i > 2, there exists 
an isomorphism of affine group schemes : TTi(X) = (V l ) y . For % = 1, there is an isomorphism of affine 
schemes (without group structure) R u (7i"i(X)) = (l /1 ) v Here, we regard (V*) v as an affine group scheme 
whose coordinate ring is the polynomial ring on V 1 . 

Proof. Let i > 2. Then, by ThmE2J] 

irf re (X)(R) ^7rf e (R(LT PL (X)))( J R) * [h R A S\ R<LT PL (X)}] sPr(fc) o bj * [LT PL (X), LT PL (/t* A S% gC< , 

see the proof of Lem l5.2.5l for the notation. If we define Af G dgAlg//c by {Af 1 ) = k,(Af) 1 = R, 
and {Afy = for j / 0,*, we easily see T(e,Af) ~ LT PL (h R A S*) so by Lem lBTBTTl rf re (X)(R) 
[A4, ^4.^]dgAlg/fc — H° m fc— ModO^j -R) an d claim for i > 2 follows. The case of i = 1 follows from a similar 
argument using the homotopy fiber F of the map X — > K(-iri(Xy cd , 1). Note that tti(F) = H u (tti(X)) and 
Ked(F) — A re d(X) (see the proof of Lem J5.2.5p . □ 
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We obtain the unpointed version of Thm l5.2TTl 

Corollary 5.2.7. (1) The derived adjunction (LT PL ,R(-)) : Ho(sPr(A;) obj ) — > Ho(dgCat cl ) op induces an 
equivalence between subcategories: 

LTpl : Ho(SHT) Ho(Tan)°P : R(-). 

(2) Any connected simplicial set K G sSet admits the schematization K_ — > (K (g) k) sch in the unpointed 
category. It is realized as the unit of the adjunction K_ — > M.(Tpi,(K)) G Ho(sPr(/c) ob j). 

Proof. This is clear from Thm l5.2TTl □ 



A Appendix 

A.l Variants of simplicial de Rham theorem 

In this subsection, we state some variants of de Rham theorem for simplicial sets, which is used in sections 
[Hand EJ Their proofs are much similar to the proof in [61 section 2, section 3], so we only indicate how to 
modify. 



A. 1.1 Twisted de Rham theorem 

Let K be a simplicial set and J2? be a local system on K. We denote by C sp \(K;Ji?) the normalized cochain 

y spiv 



complex of K with ££ coefficients. An element of the degree (/-part AK; Jzf ) is a function u which assigns 



each (/-simplex a G K q an element u(a) G ^{o~) such that for any degenerate simplex a, u(a) = 0. 
We have the Stokes map as usual: 

Pk,x ■ C PL (^;if) — »• C spl (K;J?) G C^°(A;). 

The twisted de Rham theorem is the following 

Proposition A. 1.1. For a simplicial set K and a local system «£? on K, pk,5? is a quasi-isomorphisms. 
Proof. We have two functors: 

C PL (-;JSf), CW(-;JSf) : sSet/K — ► C^°(k) 

defined by 

(4> : L ^ K) i — > C PL (L; 0*jSf), C sp i(L; 2). 

respectively. We take {A n — > X\n > 0} as models instead of {A n } and apply the argument in [61 section 
2, section 3]. It is clear Cpl(— ;-£f) and C sp i(— ; «Sf) is corepresentable and acyclic on models (in a suitably 
modified sense). □ 



A. 1.2 Twisted de Rham theorem for simplicial presheaves 

We use notations defined in subsection 15. 11 Let X G sPr(A;) be a simplicial presheaf and if be a local 
system on X. We define a non-negatively graded cochain complex C sp i(X;J§f) as follows. An element of 
Cg j(X;«5f) is a collection {uFt\R^k-Mg such that ur £ Cg j(X(i2); J%) and iov f : R R' E k — Alg and 
(j G X(R), f*(uR(a)) = UR/(Xf(a)). the differential is defined in the component-wise manner. 
We have a Stokes map 

: C PL (X;if) — > C spl (X;if) G C^ (fc). 
Let I = {Hr x dA n — > /i^ x A n |i? £ k — Alg, n > 0}, where /ir denotes the Yoneda embedding of SpecR. 
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Proposition A. 1.2. For an I -cell object X G sPr(fc) and a local system Jzf on X, the Stokes map px,S£ is 
a quasi-isomorphism. 

Proof. The proof is similar to that of Prop lALll In this case, we take {Iir x A n — > X} as models. Note 
that for a local system Jzf' on h R x A n , C sp i(h R x A", Jzf') = C sp i(A n ; JzfR|id fl xA™) so C sp i(-; Jzf) is acyclic 
on models. □ 



A. 1.3 de Rham theorem for cubical sets 

Let Set D be the category of cubical sets. An object of Set D consists of a collection of sets {K n } n >o, face 
maps df : K n — > K n -\ (0 < i < n, e = 0, 1), and degeneracy maps s, : K„ — > (0 < i < n) which 

satisfy the standard cubical identities. We denote by G Set D the standard n-cube. We regard Set D 
as a model category with the model structure given in |20[ [21] , where trivial fibrations are precisely those 
which have right lifting property with respect to the maps <9D n — > G Set D (n > 0, of course, <9D n is the 
boundary of □"). 

We denote by D(n, *) the dg-algebra of /c-polynomial forms on This is the commutative graded 
algebra over k freely generated by t%, . . . ,t n and dti, . . . , dt n with degtj = 0, degfftj = 1. (It is isomorphic 
to V(n, *).) For each q > 0, We regard □ (*,(/) as a cubical set (or cubical abelian group). Face maps 
and degeneracy maps are defined by the pullback of corresponding maps between the standard cubes. For 
example, df : D(n, q) — > D(n — l,q) is defined as follows. 

f h 3 < * 

dl(tj) = \ e J' = i 
{ tj-! j > i 

We need the following. 

Lemma A. 1.3. For each q>0, the unique morphism □(*,(/) — > * G Set D is a trivial fibration. 

Proof. We imitate the proof of fibrancy of simplicial abelian groups (see for example, |15[ Lem.3.4]). We 
shall show the morphism of the claim has right lifting property with respect to the maps cO n — > (n > 0). 
Suppose 2n elements x\ G D(n — 1, q), i = 1, . . . , n, e = 0, 1 such that d^xj 2 = dj-ix^ 1 for i < j, are given. 
(This is equivalent to giving a map dU n -> D(*,q) G Set n .) We use induction. Let 1 < I < n. Suppose we 
have y G D(n, g) such that for I < V« < n, Ve, <9f y = x^. (For / = n, put y = (1 — i n )s n (x°) + t n s n (x^).) 

Consider an element z £ := — df_ x y. Cubical identities imply \/i > I — 1, Ve', d\ z e = 0. Set 
y' := (1 — i/_i)s/_iz° + t/__is/_iz 1 + y. Again cubical identities imply dfy' = x\ for I — 1 < Mi < n, Ve. Thus 
we can construct a lifting inductively. □ 

Let K G Set D . The notion of a local system on K is defined similarly to the case of simplicial sets. For a 
local system Jzf on K, we define the de Rham complex Cp^(K;^) G C-°(k) using □(*,*). Let Cn(K;^f) 
be the normalized cochain complex of K with Jzf -coefficients. Explicitly, an element of C^j(K; Jzf) is a 
function u which assigns each g-cube a G K q an element u(a) G -£f (o") such that m(cj) = for a degenerate 
cube a. The differential d : C q u {K;^) -> C^ +1 (K; Jz^) is as usual, given by 

du = ^(-in(9°ru-(^rn]. 

Here, (df)*u = Jzf o u o <9|. We have a Stokes map 

PK,J? ■ C PL (K;J?) — ► C n (if;JS?) G C^°(A:). 
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Proposition A. 1.4. For a cubical set K and a local system Jzf on K , pk,£ * s a quasi-isomorphism. 

Proof. The proof is similar to that of Prop lA.iTTl We use Lem lA.lUl to prove Cpl(— ; 3?) is corepresentable. 

□ 

We can define an adjoint pair 

T PL : Set D (dgCat cl )°P : (-). 

We can see this is a Quillen pair, using Lem lA.L3l and Prop lA,1.4l This fact is implicitly used in the proof 
of Lem l4.1."5l 

A. 2 Tannakian theory 

In this subsection, we summarize Tannakian theory of It states a duality between affine group schemes 
and certain closed ^-categories. The category corresponding to a group scheme is the category of finite 
dimensional representations of it. We give a characterization of such categories and describe how the group 
scheme is recovered. 

Let Vect' be the category of all finite dimensional fc-vector spaces and linear maps. 

Definition A. 2.1. A closed k-category T E Cat cl (see Def \2.1.l\) is said to be a neutral Tannakian category 
if it satisfies the following conditions. 

1. T is an Abelian category. 

2. Hom T (l,l) k. 

3. There exists a morphism oo : T — > Vect' € Cat cl which is faithful and exact. 

In the above definition, we use Vect' instead of Vect in order to make neutral Tannakian categories 
stable under equivalences of Cat cl . (Recall that Vect is a small full subcategory of Vect' such that the 
natural inclusion Vect — > Vect' is an equivalence, see the paragraph above Def l2.1.3l ) 

Example A. 2. 2. Let T (resp. G) be a discrete group (resp. an affine group scheme over k). The closed 
k-category of finite dimensional k-representations of V (resp. G) Rep(r) (resp. Rep(G) y ) is a neutral 
Tannakian category. 

Let k — Alg denote the category of commutative and unital A;-algebras and Grp denote the category of 
groups. 

Example A. 2. 3. Let G:k — Alg — > Grp be a functor. A finite dimensional representation of G is a pair of 
a vector space V E Vect and a natural transformation r_ : G ==> GL(V) : k — Alg — > Grp, where GL(V) is 
the functor given by k — Alg 9 R i— > GL^j(V ®fe R) € Grp. There is an obvious notion of morphisms between 
finite dimensional representations of G. We denote the category of finite dimensional representations of 
G by Rep(G) and the forgetful functor Rep(G) —> Vect by ujq. Rep(G) has an closed tensor structure 
such that ujq is a morphism of closed k-categories. Then Rep(G) is a neutral Tannakian category. If G is 
represented by an affine group scheme G, Rep(G) is equivalent to the category Rep(G). 

For a neutral Tannakian category T and a morphism ui : T — > Vect € Cat cl which is exact and faithful, 
we define a functor Aut ® (oj) : k — Alg — > Grp by 

k — Alg 3 R i — > Aut®(cj <g>fc R) E Grp. 
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Here Aut®(w <S>k R) is the group of tensor preserving natural isomorphisms a : oj <g>fc R oj R ■ T — > 
R — Mod (u <g>k R '■ T — > R — Mod is the morphism from T to the closed fc-category of R- modules defined 
by T 3 t i-> oj(t) <gik R £ R — Mod). We define a morphism of closed fe-categories oj : T — > Rep(Aut® (w)) by 

T3t^ (w(t), eu(t) : Aut®M GL(w(t))) G Rep(Aut®(cj)), 

where eu(t) is the evaluation of elements of Aut®(w) at i. 

Theorem A. 2. 4 (Thm.2.11 of [H]). W^e wse t/ie above notations. 

(1) The functor Aut ® (uj) is represented by an affine group scheme, which is called the Tannakian dual of 

(2) The above morphism oj : T — > Repf Aut ® (u)) is an equivalence of categories. 

(3) Suppose (T,uj) = (Rep(G),u;G) for some affine group scheme G. Let G be the functor corresponding to 
G. There is a natural isomorphism G = Aut ®(a;) defined by G(R) 3 g g- G Aut®(cjG ®k R)- 

Corollary A. 2. 5. The pro-algebraic completion T alg of a discrete group Y is isomorphic to the Tannakian 
dual o/Rep(r) which is equipped with the natural "evaluation" T — > Aut®(w) = Aut ® fa;) (k) given by 

r 3 7 i— >• [Rep(r) 9 (V,r) ^ (r( 7 ) : V -)• V)]. 

The maximal reductive quotient G rcd of an affine group scheme G is isomorphic to the Tannakian dual of 
the full subcategory o/Rep(G) consisting of semi-simple representations. (This is closed under tensors and 
internal horns.) 
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